Limits, Continuity & Derivability

SOLUTIONS OF LIMITS, CONTINUITY & DERIVABILITY

EXERCISE # 1
PART-1
Section (A)
y
3 *—O0—-O0—0
2 .
;
A-1. ) Ol T2 5 a4
By checking limits
0] firrll f(x) = does not exist since L.H.L. # R.H.L.  (ii) éirrzl f(x) =3
(iii) éirr31 f(x) =3 (iv) fimg fx)=3 (v) ¢im f(x)=3
X=> x—1. X—3"
A-2. (i) fin; (x+sinx) =2+sin2 (i) fin; tanx—-2x=tan 3 -8
. 3 3 . . 5
(iii) /im X COS X = — CcOS — (iv) fim xx=5
3 4 4 x5
4
v)  fm o= 2
x=>1 sInX sinl

y
1

A3 (i) ‘4 2 R

fim [sin x] By graph

X—>—
2

of sin x

R.H.L = ¢im [sinx]=0

X——
2

L.H.L.= /im [sinx]=0so ¢im [sinx] =0

x»%
.. . X
o
R.H.L. = ¢im
h—0
L.HL. = (im
h—0

{th} = (im {1+D} = (im {E}= im M=o
2 h—0 2 h—0 2 h—0 2

{—z_h} = /im {1—3} = /im [—1_hj=1
2 h—0 2 h—0 2

L.H.L. # R.H.L. so ¢im {g} does not exist.

X

(iii) fim sgn [tan x]

-0

L.H.L. = /im sgn [tan x] = lging sgn [tan (mr —h)] = lging sgn (—ve) =-1

R.H.L. = /im sgn [tan x] = gwg sgn [tan (t + h)] = glrg sgn (+ve)=0

L.H.L. # R.H.L.

SO limit does not exist
(iv) éirrll sin(¢n x) = sin-l(éirT €nx) =sin* (0) =0 so Eirr; sint (/nx) =0
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Limits, Continuity & Derivability

X+1 x<1
A4 () Iffpo=4 0 XS N fim f(x) exist if L.H.L. = R.H.L,
2x-3 , x2>1 x—1
R.H.L. = fimf(x) = ¢fim (2x - 3) = ﬁlﬂ;l [20+h)-3]=-
x—1" x—1" -
LH.L =/im f(x)= ¢fim (x+1)=2
x—1" x—1
L.H.L. #R.H.L.
SO limit does not existat x =1
(ii) firrl1 f(x) exist if R.H.L. =L.H.L.
SO ‘fim (2x — 3)—€|m X+A) = 2-3=1+4+%A =>A=-2
x—1"
(2xy’+2 ; 2x 22 and x>1
2 > Y. . EVES <
A5 flg)] = 9] +2 , x= 2: (3—-x)+2; 3-x=22 and x <1
1-g(x) , x <2 |1-2x ; 2Xx <2 and x > 1
1-B8-x) ; 3—x<2 and x <1
4% +2 ; x =1 and x>1
x2—6x+11; x<1 and x <1
1-2x ; Xx <1 and x > 1
X—2 ; x>1 and x <1
4x% +2 x>1
flg(x)] = ’
[g0] {x2—6x+11 , X<1
SO firr; fla(x)]
RH.L=/¢Im (4x*+2)=6
x—1"
LHL=/¢im (xX*-6x+11)=6
x—1
L.H.L.= R.H.L.
so (im flg(x)] =
x—1
: X 0 : .
A-6. 0] ¢im — = | ——— | — Not an indeterminate form
x-0" X +ve value
(i) /lm x?+1 —Xx =0+ = — Not an indeterminate form
(iii) €im (tan x)=" = (0)° form — Yes
xaE
1 1 1
(iv) am ({x})™; tim {1+ EEs tim  {h} @+ = (0=form) = 0 — Not an indeterminate form
Xx—1" — —
Section (B)
3 f— — —
B-1. (M) €imX 3x+1: 1+3+1:_
x>l x-1 -2 2
32 _ 2
(i) iim 42( x3 +2x-5 (gformjzéim (x=1) (4x3+3x+5)
x>l xX° +5x° -2x—-4 \0 o1 (X =1)(X” + X" +X° +6X° +6x+4)
_ 4+3+5 _12
1+1+1+6+6+4 19
iy am YAEX-NSX Lo ( formj
x—a \/3a+x 2%’ 0
sim Na+2x —+f3x \/3a+x+2f Ja+2x ++3x (a+2x 3x) \/3a+x+2f
a2 [3a+x — Z\F \/3a+x+2f «/a+2x+\/3x X%a(3a+x) 4x «/a+2x+«/3x
_ a—x 2\/5+2\/_ _{_}_ 2
i "3@-x) Ba+vza 3|\3) 33
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B-2.

n

2 sin 2x
. . 1-cos4x (0 . 2sin®2x _ 2X 16
0] fim ————— | —form |= /im = (im s = =
x>0 1—cos5x (0 20 o 29X x0 . BX 25
Sin® — 2| sin==
2 5 2
2 s
2
(ii) ¢im m 9form using L' Hospital rule = ¢im M = §+l:2
N L 0 x> 2 2
6 X——= 6
6
3 . tan 3x _2
(i) /im tan3x — 2x 3x _ 3 -2 _3-2 _1
X—> _sin? X—> i B — B T3
° 3x-sinx 0 4 oo SINX 3-0.1 3 3
2 i 2 i
(iv) firg (@+x) sin@+x)-a sina (gformJ using L' Hospital rule
X—>! X
R 2
— 4im 2(a+x)sin(a+x) +(@+x)°cos(a+x) — 24 sina + a2 cos a
x—0 1
bx ax
(V) Zim ,Where0<a<b
0
X—> X
bx = (bx)* ax  (ax)’ 1
(1+1!+ P — A - (b—a)x+ x*(b* =) + ...
=/im =/im
x—0 X X—0 X
=b-a
e’ -1
2e?| = —
X e2+x_e2 20 ( X ]
(vi) fim ( )= tim 2€ e =1 _ fm ———= = 2e2.i2 = 2e?
x>0 1-COSX 20, foa X0 X @
sin® = sin>
2
2
B
2
3x  (3x)* (3x)°
{—( )+( L } 3x 1—3—X+ ...... }
.. . In(A+3x) _ . 1 2 3 . 2 _ 3
(vii) flrro1 S €|r701 5 = €|n01 7 =3
-1 [1+x€n3+(>(€r13)+ ______ } 1 X (n3 [l+(xn) ..... } o
1 2! 2!
m (2+x)+ 05 (2 05 gn(“;) m[“)z(j 11
wiii)  dim on (X 08E]  nE 0 (0.5) 0 i, = fim = ==
X —0 X x -0 X x—0 X x >0 5 2 2
2
(ix) imX =% =80,neN
x=>2 X—2
LHL =RHL. =80 so R.H.L. =80
Z”HHS} —1}
~  g0= fm 2thT=2" —~  80= fim
o (2+h) — 2 h—0 h
2
2" +@+n(n—1).n7+ ..... 1
. 2 2! 4
= 80 = /im = n. 21 =80 = n=5
h—0 h
,1—0032x
x)  fim r 2 . fim Isnx] L =-1 & RH.L =1
X o X X -
®
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(xi) (/n(1+x)—¢n2) (3.4 =3x) _ [(n (2+h)—2] [3.4"—-3-3h]
x=>1[(7+x)"2 =(1+3x)"?] sin(x—=1)  h->0 [B8+h)"*—(4+3h)"*] sin h
h
n |1+—
h ( zj {3(4“—1> }
n | 1+— 3(4"-1) -3h : -3
= (im ( 2J [( ) ] = (im (h/2) h
h—o0 h 1/3 3h 1/2 h—>o0 1 h 1 3h
20 - i i +— =1+ =
2(1+8j (1+4J sin h . sin h [ 24j [ 8)
h h
:M:__g (,6]’]4-1): _g ‘n (ﬂj
4 (_1] 4 4 e
3
1+2+.....+ X
B3. ()  fim (iz+%+....+—) = iy (52Tt X) gy XD L {1+1} =2
X—>0 X X X—>0 X X—>0 2X x—wo 2 X 2
3 4 1
3 5 37 n? \/1— +5+ ne'\/1+4
(i) fim «/ -2n +1+\/n +1 - dim 3 i n
e Ynfabn®+2-Yn” +3n%+1 2 \/1+6+26 ns\/1+3;+17
n n n°- n
f1—* +—+ ns,f1+—
= /im = 11+8 =1
\/1+ +— nlo\/1+ %
n n° n* n
(i) fim (\/x2—8x+x) = (@ + 00) = 0
x° tan (nlxzj + 3 |xP+ 7 —X tan( L j+3x +7
(iv) fim k = fim 3’”‘
X = [X[P+7]|x| + 8 B=de X* +7X+8
tan[lzj
. 4 X ><1
X X B T
2
= (im = X -=
xl—>oo 7 8 T
1+?+X—3
2 - 2 4
, ) {(x+1)3 ( )} [(x+1)3 (x+1)3(x—1)3+(x—1)3}
B4 O fim [<x+1>3—<x—1>3} = fm N
(x+ x+ X=1)7°+(x—
1)3 1)° (x=1)% +(x=1)°
2 2
= Jim (x+1)"—=(x=1) - Jim 4x
X > ® 4 2 2 4 X = o 2 4
{(x+1)3+(x+1)3(x—1)3+(X—1)3} (x+1)3 1o X=TP L[ X=1p
x+1 X+1
. 4x 4
= (im = =
X > o w13 2 X—1§ (1+0)x(0) x[1+1+1]
(x+1)(x+1)3 1+ +| —
x+1 x+1
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(x+ 2)g —(a+ 2)g

5 5 5 5
(x+2F —(a+2f _ . (@+2+hy —(a+2)

(i) Zim R.H.L. = /im
X3 X—a x—a* X—a h—0 a+h-a
2 G
5 2y ) 2
s h e (@+2p|142, N \2)\2) W
(a+2)? 1+ﬁ -1 2 a+2 2! (a+2)
+
= (im =/(im
h—0 h h—0 h
3
== (a+2)?

woafoes( ol By

2\a+2 2!

5 5
_h\ _ 2
LHL. = sim@*+2=h;—(@+2)* _ .o
h—0 _h h—0 _h
3

5 2
== (a+2)?
, (@+2)

5

5
2 _ 2 3
LH. L =RHL So fim X*r2r=-@+2) :g(a+2)2

x—a (X_a)

(iii) ngnl {cos ( x+1) — Ccos (\/;)} = (im 2sin

X —>

el

= /¢im 2 sin

X > ©

[\/;+\/x_+1] sin[ X—x-1 ]
2 ' 2 . (x+x+1)

=2 /im sin[M] . fim sin{2 . («/;_1 }

X = ® 2 X — +\/X+1)

= 2x (oscillating—1 to 1) x0 2x =0

o flen e e e o 2o

X —>

X X X

1
. 10 £ 12 ¥ 123 24|
fm x| 1+ —+——+ Tt | —X
X X X X

X = ©

(10 > 12 ¥ 123 24)
—+ + +=

. X X X
fim x |1+ +o |—X=

X = © 4

N o
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1 1
2 _ 5
B-5 () sim (x+2) (115x+2)
X—2 =
(7Tx+2)* =x
1 1
1 1 hT [ 15h}5
5 : 2{1+ 2|1+ —
2 _ 5
Letx=2+h= fim (4+h) (132+15h) - 4im 4 1 32
(16 +7h)* —(2+h) 2[1+7h}4_(2+h)
16
2 [2) 5 (-5)
= = ) = —_ 5
2 1+D+i h +...|—2 1+3—h+¥ 15h +
8 2 16 2 2 32
g 7h
21+ —+...... —(2+h)
64
EEEE-
- 4 16 _
= /im = = _- =
h—0 h 1_1 N 1_1 25
30 T 32
2 3 4 3 5 3 2
. . tan® x S X (S _if X
) | e* —1-sinx— . (X+ ol = 3l + 21 +... X Y aF 51 > X+ 3 +...
(”) XEI)] X3 hm X3
Xz(l_lj N x3(1—1j+x4[1—1]+
= {im e 6 § 4! 3 :1+ E:E
h—0 x3 6 6 3
B-6 im a+bsmx—§osx+ce
x—0 X
X x> x x x> x* x*
a+b[x——+——-....| -|[1-——+——....| + C|1+—+—+—+—+....
Jim 3! 51 2! ! 1! 21 31 4]
x—0 X3
(@a—1+c)+x(b+c)+x* LU T s o VY el S T
Jim 2 6 41 4]
x—0 X3
limit exists so
a+tc—-1=0
b+c=0
%+§ =0 =  c=-1
SO b=1
a=2
. _—b+c -1-1 1
value is = == =
6 6 3
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1+ ax sinx —b cos x

B-7. (i) fl_r)?) v
3 5 2 4
1 + ax x——+x—— ........ -b 1—X—+X—— ........
o ] ] 21 41
= fm <
1 -b)+x® |a+— |+x* _a_b +xe [ IR
( )
. 6 24 120 720
Limit exist and have a finite value So,1-b=0& a + g =0,b=1,a :_E
(i) fim (\/x4+ax3+3x2+bx+2—«/x4+2x3—cx2+3x—d) =4
. 1 3y? +by? +2y* — 1+ 2y —cy® +3y* —dy*
= fim {\/+ay+y+y+y 2x/+y cy’ +3y y}:4
y
= +(3+c)y2+(b—-3) +(2+dy*
= gim @=2Y*Cry b3 @Y _ 4, p-0g 3t 4 -5
y= 2y 2
= a=2,c=5beR,deR
2 2 X3 X2 X3
ax| 1T+ xX+—+......... -b x——+§— ........ +CX 1—x+§—§+ .......
(iii) /im - - =2
x—0 2[ X3 X5 )
X X= =i
3!l 5!
b fa b c 2 - .
(a-b+c)+x A+ —C x| ot X and term containing higher power
= (im 2 5 =2
x—0 P X X
X ——+—— ..
3! b5l
then a-b+c=0 ... Q)
2a+t+b-2c=0 ... (2)
3a—-2b+3c=12 ... 3)
On solving (1), (2), (3)
weget a=3, b=12,¢c=9
x2 X8
(1+x) (x—+—....J—x
14X — 2 3
B-8x (im [w—l}eim [(1”) n_(1+x) X}:éim .
x—0 X X X—>0 X x=0 X
x2 1,
e S 1
= tim | 26 ) ==
x—0 X 2
B-9w  fim (cos a)* — (sin a)* — cos Za,a c O,E
X —>4 X — 4 2
_ . (cos )" — (sina) — (cos “a—sin“a) (cos “oa+sin® o
_ i (€08 @) — (sin )" — (cos *a—sin®) (cos *a+sin’ )
X4 X—- 4
X H X 4 i 4
- 4im (cos a)* — (sin a)* — (cos “a—sin® a)
x—4 X— 4
4 x—4 _ H 4 H x—4
=€irr]1 (cos o) [ (cos o) 1 4(S|n o) [sina) 1]=cos4oc£n(cosa)—sin4own (sin a)= R.H.S.
X = X_
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. d*(tanx
B-10. Required = % =2sec’xtanx atx =a
X
. tan(a+2h)-2tan(a+h)+tana
= lim (a+2h) > (@+h)+ = 2(sec?a) tan
h—0 h
Section (C)
c-1 () fim (x) ((0)° form)
x—0"
Lety = fim (x)°
y x—0" ( )
1
fim/ﬂ fim —X_
fim x2/nx HU*% x50* 2
= y=e” = y=e X = y=e *=e'=1
(,im_cosx.((,ntanx) (,imi %
(ii) fim (tan x)e=  (oc® form) =y =e"* =>y=¢e*
x—»%
G sec? x fim  COSX
= fanx secx tanx L sin®x
=>y=e "’ =>y=e’ =>y=e’=1
(iii) aim (X)) ; Zim [1—h]t-@-P; fim (0)"=0
X1 h—0 h—0
(iv) Lety= x— 2 fime Y = fim =0
2 y—0* y—0° ecoty
C-2. () fim (tan x)"  (1=form)
x—>z
- - —2tanx
:E(tanx—1)tan2x 1er; . 1
- e * - e * —el==
e
1 X
X 7_;’_2 @
. . 1+ 2x . 2
(ii) fim (1 3 J = /im )1( = [gj =0
- +oX =
X
. ) Seclzx fim(¢nx).sec ™
(iii) (im (1+ ¢nx) (1=form) = e** 2
1
fim m, —X )
- e ?(gform)=e T2 2 ol
0
s -
. . 1 nxyx . 2tanx \x _ 2tanx
(iv) gim [ 2RO i (14 280 ¥ i exp| 20X |- e
x>0 { 1-tanx X0 1-tanx X0 X(1-tanx)
C-3  /im (l+ax+bx2)x_l= e?
x—1
ittakes(1+a+b)*formsol+a+b=1= a+b=0 (i)
) , c fim(1+ax-+bx2 —1).—S
(im (1+ax+bx ) = es =e = =gt
im@xx)c fim
— et 1) = @3 . @l @+2c = @3
= e@+2be = g3 = (@a+2b)c=3 = bc=3

/\
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X [1+ fn Xj en(1+€”xj
X X

C-4. Q) fim = /im
X—> @ /n X X—0 (nix
X
dm "™ —0and dm AN _ 5oy
Xom X ()0 f(x)
x ! (an ! (an
e*sin| — sin| —
. . e ) e
(i) fim———= =/im ————=
X—> 0 X X—>00 X”
[ex]
‘im x =0and /im sm—(f(x)) =1=1
x—0 @ f(x)—>0 f(x)

L. 2x]+[2 . 3X]+.....+[n . (n+1) X]

C-5. /im 3

n—w n

(1.2)x — 1 <[1.2¢] < (L. 2)x

(2.3)x - 1 <[2.3X] <(2.3)x

nn+1) x—1<[n (n + 1)x] < n(n + 1)x

o (L2Xx+(@3X+..n(n+1)x—n
<[1.2X] +[2.3X] + ... [n(n +1)x]
<(1.2) X + (2. 3) X + ... n(n +1)x

X . (Zn2+2n) —n <[1. 2X] +[2. 3X] +......[n(n+1)X] < X (En?+ Zn)

“ {n(n+1) (2n+1)+n (n +1)}_

N sim 6 : 2 < ¢im [1.2 x] + [2.3 >;]+ ..... +[n(n +1)x]
n—oo n n—o0 n
X[n(n+1)6(2n+1)+n (n2 +1)}
< /im 3
n—w n
1.(1+1j (2+1) (1+];J 1 19 23 1
4im | n n) \n n 1 < fim 1.2 x] + [2. )3<]+ ..... +[n(n+2)x]
n—w 6 2 n N—o0 n
1[1+1J (2+1j [1+];j 1.2 23 1
< im x n n) \n n X < dim 1.2 x] + [23 X]+.....+[n(n+Dx] < X
n—e 6 2 3 e n® 3
o 4im 1.2 x] + [2.3 )3(]+ ..... +[n(n+1)x]:§
n—ow n
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2n _
C-6m f(x)= fim X 1
noew X411
case (i) whenx =1

f(x) = ¢im =1 =0
+1

2n
1‘“) 1-0
X == =1

n 1+0
1+ (1j
X

case (ii) when x > 1

f(x) = ¢im

case (iii) whenx <1
2n _ _
f(x) = fim X2 1_0-1_ 4
noe xM"+1  0+1

range of f(x) is {-1, 0, 1}
Section (D)

D-1. f(x)is continous at x = 0 therefore

lim f(x) =f(0) = Iin; f (x); IirE[ f(x) = Iirgl{

x—0"

(a+1) sin (a+1)x+sinx —a42
(a+Dx -

1

2 _
and lim f (x) = lim % = % here b should not be equal to zero. soa+2=c=1/2and b =0
x—0* x—0" X
2 4 3
1-sin® x 1-cos’h 1_(1_2h!+;!_wj 1
D-2= lim f(x)= Im ——— = |lm———— |put x=—=-h | =lim - ==
.3 <> 3C0S” X h-0 3sin“h h—0 3h 2
2 2
and lim f(x)= lim 2E=SNX) -, B=cosh) _b G 1 _b
M. rt (m—2x) h—0 4h 8 2 8
2 2
D-3. (i) h(x) = {x} [X]
atx=1 h(1) =0 LHL =0RHL =0
atx =2 h(2)=0 LHL=1RHL =0

(i) h(xX)={x}+[x]=x atx=1 continuous
(iii) h(x) ={x} — [x] = x — 2[x] discontinuous at x = 1

v)  he) =3 +Ix]
atx=1 h(1) =1 LHL=1RHL =1
atx =2 h(2) =2 LHL = 2RHL =2

D-4. f(X)=(x+2)(x-2)(x-3)

h () = {f(x+2) (x-2) ,Xx2¢33

for continuity  k = Iin; h(x) =5

h(x) = (x+2) (x—2)=x2—4 whichiseven Vx e R

/\ Qesonance® Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Educating for better tomorrow Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in ADVLCD- 10
Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Limits, Continuity & Derivability

im sSin3x + Asin2x +Bsinx

D-5. li = =1
x—0 X
3 5 7 3 5 7 3 5 7
lim %{(3x—(3x) +(3X) _3 +...J+A(2x—(zx) +(2X) _) +...]+B(X_X_+X__X_+...H
x>0 X 31 51 71 31 51 71 31 51 71
Iirrg %(3+2A+B)—%(27+8A+B)+%(243+32A+B)— term containing x this Limit exist ans
x-0 X x°3 ! !
finiteif 3+2A+B=0and 27 +8A+B =0
In this case Iingf(x) = %(243 +32A +B) = A =-4, B =5 and for continuity f(0) = Iingf(x) =1
1 x#2
D6. f(x) g(x) =
09 99 {2 o
Section (E)
E-1. () f(x) is not defined at x = 2, 3 (i) f(x) is not defined when |x| =1
(i) f(x)is always defined (iv) “—2" +(@2n+1) g
1-{x}, I
E-2.  f(x) = x + {—x} + [x] Since {~x} = { ey =
0, Xxel
_ X+1-{x}+[x] , xel  [1+2 [X] ' xel
X +[X] , xel 2X ' xel
4 3
& o—O0
2 .
10——O
(9}
-2 -1 1 2
o——(d-1
° -2
o—O -3
° —4
Curve of y = f(x) discontinuous at all integers in [-2, 2]
2
E-3. fog (x) = tanz—x+1 discontinous when
tan“x -1
() x=(2n+1)§xa1
(i) tanx=x1
T
X=nnx —
4
1 < x <
Edm foo=| Lt X 0=X
3 -Xx ,2<x<3
1 +(%) h 0< f(x) < 2 1+ (1+x) when 0<x<1
en < <
y(x) = fof(x) = {3 +fx Wh 9 < f X <3 = 11+(3-X) when <x<
—f(x) when X) <
() © < 1) 3-(1+x) when 1<x<2

n

g1)=9g(1)=3= g(1H=1
9(2)=9(2)=0 = g(2)=2
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Limits, Continuity & Derivability

E-5. u= i is discontinuous at x = — 2
X+2

3 _ 3 _ 3 is
20 +5u—-3 20 +6u—u-3 (2u-1) (U+3)

f(u) =

discontinuous at u = %& -3

1
X+2

1

—— =-3=x=0and x=-
X+2

ziand
2

w|~

Hence y = f(u) is discontinous at x = —% ,—2,0
E-6. f(x) is continuous and %e [f(=2), f(2)], by intermediate value theorem (IVT), there exists a point
7
¢ € (-2, 2) such that f(c) :§

E-7. 9(¥) =(x—1+[4x - 11]) [(x — 1)> = 3] = (]x — 1| + [4x — 11]) ([(x — 1)7] - 3)
Now [x — 1] + |4x — 11] is continuous every where & [(x — 1)? — 3] is discontinuous at x = 1, 2; 2 +1
At x = 1, g(x) is continuous

At x = 2, g(x) is discontinuous

Atx = ({2 + 1), g(x) is discontinuous

Section (F)

F-1. Curve of y =f (x) is as follows

It is continous every where not differentiable at x = 1
LHD (x =2) =—1 = RHD (x = 2) diff. at x = 2

F-2.a y=f(x)is as follows

2
2 [pe=es 2+(x—£]
2

Nl at-——=-==

continous every where
non-differentiable at x = 0

—-xcosx , x<0
f (X) is non differentiable at x = 0
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Limits, Continuity & Derivability

m e 1) .
sin|<] ; 0
F-dms f()=4 > (X Xz
0 X =0

for continitity f(0) = 0 = RHL (x = 0)

Ligg h™ sin(%j =0

}Ijig(]) h™ [a finite quantity between [-1, 1]] =0
It hold only when m >0

= finite

if m <0 neither continuous nor derivable for derivability ng w

lim h™m sin(%) it is finite and unique and equal to zero if m > 1 when m >1 continuous and derivable

if 0<m <1 continuous but not derivable

F-5. f(x)= Jl-e* f(0)=
LHD (x=0) = Lim Ni—e” -0 = lim - 1+F+... =-1

RHD (x =0) = I|m
Not differentiable at x = 0

F-6. f(x) is continous at x =1 = a-b=-1

— 2_
L.H.D. = Lim M:Za R.H.D.= Lim %=1itgives:>a=% , b=

h—>o0 —h h—>o0

N | W

Section (G)
G-1. y=[x]+]1]

N N Ww A O
x
B 1l
I
-
>

y=x
y=—X "\3{/)=1—x
1 1 2 3

G-2. y=f(x)

4+ )

3 L

2 L

11 e

V2N A=ix-112]

o 121 »

G-3.  [x]is dicontinuous at -1, 0
{x} is dicontinuous at 1

———— is dicontinuous at 3, 4
log, (x - 3)
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Limits, Continuity & Derivability

G-4.» |x — 1]°8 is differentiable for all x

Let g(x) = sgn(x23) + {cos(l

so differentiable at 0.

2

h2
sgn(h?®)+|cos| —— ||-1
an( ){ (1+h2ﬂ . 1+0-1_

X 1 — H -_—
+x2ﬂ = 90)=lm h "o h

o —e)3-2x) e (3—2x)2—2(e -e)  xe(0,1)
T2 0 xe0d e/2 . ox=1
e’ -e ) X

G5 hw=foe=1 2 xep2) hw= e xe@2)

(e —e)2(2x—3) . xe[23) Not Defined , X=2

e (2x—3)2+2(e -e) - xe(23)
Section (H)
H-1.  f(x +y) =f(x) + f(y) function should be y = mx
f(1) =
m=2 = f(x)=7x
Zf(r) _ 22 2n(n+1)
H-2.  Givenf(2)=4 lim &+ C0SX)=f(2) [9 form}
X0 tan® x 0
sinx
- fr@@
—sinx f(1+cosx) ( X j ( +COSX)_
apply L'Hospital rule lim lim =-2
x>0 2tanx sec’x X0 (tanxj )
2| —— |sec“x
X

H-3. f:R—>R and f(x+y)=f(x)f(y) V X,y eR
Putx=y=0 f(0) =f?(0) since f(0) =0

f(0) =
f() =lim w iim - f(x)
dy :
Letfx) =y = — =y.f'(0)
dx

On solving /ny=xf'(0) +c

y =f(x) = ec. exf'©
+f0)=1= c=0
Thus f(x) =exfOV x € R

H-4w f(x) .f [Ej =1f(x) +f£l)
X X

f(3) =—26
ff(x) =—3x?

=

or

H-5.wa Given f(x + y)+ f(x — y) = 2f(x).f(y)

[() 1. f(x) £ '(0)

fx)=1+x"

fx)=1-x°

f(1)=-3
(1)
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Limits, Continuity & Derivability

H-6.

H-7.

n

Putting y = x in equation (1), we get

f(2x) + f(0) = 2(f(x))? - (2)
Putting y = — x in equation (1), we get

f(0) + f(2x) = 2f(x). f(— x) ..(3)
3)-@

= 2(f(X) = 2f(X)f(= X)

=  f(x)=0orf(x) = f(x)

in both cases, function is an even function

L= Am (f() = ()

1

e {f" (x)-1 f(x)}

= L, = ¢im - [As it is a bounded function]
X —> o e
—AX£r _ —AX
N L= fim e " (x) _Z: f(x)e
X = o e
i{f(x)e-“}
- L=L,=6m &
X —> © d(_e—hx 1)
dx A
—AX
— L= fim %:L: fim =2 f(x)
X — © e X X — ©
)
= L==X ¢im f(x)

= L=—XL23L2=—%

f:ROR [fTX)-TW|<|X=Y|P VX, yeR

taking lim x — y on both side we have [f'(y) |[< 0
=f'(y)=0

= f(y) is constant V yeR
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Limits, Continuity & Derivability

PART -1l
Section (A)
A-1. fimsecx >1 So /imit not exist
x—0"

A-2. S, :False as Nr. is exactly zero as x — 0*
A3 fim (1—x+[x—1]+[1-x)
LHL= fim (L=x+x=1+[1=x]) = fim (1= (1-h)+[1-h-1]+[1-1+h])
fm= (h+[-h+[]) =0-1+0=-1
RHL fim =(1—x+[X—1+[1=x) = 1~ @+h)+[1+h—1]+[1-(1+h)]
=fm (~h+[h]+[-)=0+0-1=-1

LHL =RHL. =-1 so €iml(l—x+[x—1]+[1—x]) =-1
X —>

—X

A4, lim —==-1
x—=0" X
Section (B)

B-1. Aim (x*+27) ¢n X=2) _ im (x+3)(x* =3x+9) (m[1+(x=3)] _ fim (e—3x+9). o[+ (x = 3)]
X—3 (x*—9) X—3 (x=3)(x+3) x—3 (x=3)

(9-9+9)(1) =9
o (4* —1j3
B-2. /im =/im X

x>0 X X2 x—>0 . X
sin [j n |1 + — sin (j 5
P 3 XN \P o[ 4+ X
X ' 3

(4 1y

p a
p
5 L6
. X 3
= 3p. fim : =3p(¢n4)
x>0 ; X X2
sin (J /n (1+J
ay 8
X
p
R h _ i h _ h _
B-3. Letx=2+h x—2 h—0= fim o =D _ s =1 (=1 1 _111=1
h->o¢n (1L + h) n-0 (e"—1) h n (1+h)
h
sin(¢n(1 in(¢n(1 i
B-4. ¢im M = /im sm( n( +X)) . Sm)f _6n(1+x). .X =111.1=1
x>0 ¢n(l+sinx) x >0 n(1+ x) (n(1+sinx) X sinx
f— f— i 2 —
B-5. sim «/1 cos 2(x 1); sim 2sin“(x—1)
x -1 X—1 x -1 X—1
fim N2]sinG= ]y - lim. V2 _sin h Sr']” N2 RHL= lim. V2 _sin h :” h_\2
X = X - - —_ -

L.H.L. # R.H.L. So limit does not exist.
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Limits, Continuity & Derivability

11
2 x ala”]
1+2—+...] = [1-2+ 4%% + ...
. 2 2!
2\l/3 _ (q4_ 4
B-6 /im (1+x7) (21 2X) = /im 5 = 1
X =0 X+ X x >0 X+ X 2
., X ., X
B -\Troosx _ 22 sin i 242 sin i\
B-7. fim= ————— = /im — =/ 5 —— =—
x -0 sin® X x>0 sin® X x >0 X sin® x 8
16. —. 5
16 X
11— cos'[1=(0+h (-
Bgm rim O @ =X _ o o [1-O+] L cosT(1-h)
X - 0 \/7 h—0 fo+rn h—0 \ﬁ
Let 1-h=cos0
sin 0 = «/1—(1—h)2
i1 fop_ 12 a1 _h? K2
6= sint JohoI7 = gm SMN2h=h® o sin'y2h-h? 2h-h =1x\2 = 2
h—0 \/ﬁ h—0 \/2h—h2 \E
100
[Z x"j - 100 , o
B-9.  fim <t = gim (X2 Xt X T g ok 34+ 100 = $0O-U0D _ 6,
x—>1 x-1 x>l x—1 x-1 x—1 2
sin 1
M 1 1
X
+ = +=
.1 1 X X
x*sin = + x + 1 =
B-10.  fim —— = fim —X——— 1+0+0 _
X X+ x + 1 X 14—+ 1+0+0
X
L
sin =
_ X
x? sin(lj 2 sin L 1 L
. X . X . X
B-11. /im = /im ———2= = /im ==
X > — © X—> ©
IX*+x+1 X o .ngZ_XH g1, 1 8
X 2
X
n n n
n+1 n 2n n n n 5 : § + § o ﬂ
5" 43" -2 55" +3"-4" _ 9 9 9 0+0-0 _
now BT 4 20 4 377 now= B4 2" 4 279" now 5Y) 2\ 0+0+27
— | +|=| +27
9 9
. T
(2]
B-13.= /im ncos Zlsin| = |= ¢im cos| =] /im S AP 141 =1
now 4n 4n n- @ 4n)n > = k3 4 4 4
4n
T T
L _h==
. b — h o 2 2 |_ . - _
B-14.= sinh < h <tanh, h (O, —) _ - <—1LHL = /¢im = /im {—} =2
2 ) sinh h h—0 ] h>0 | sinh
cos| —-h
E_;,_h_E _h
RHL = /im |22 |=jim |—|=-
h—0 (7‘[ j h—0 S|nh
cos| —+h
2
LHL =RHL =-2
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Limits, Continuity & Derivability

1
. 34(-1 T

B-15. ¢im "D i D= -3
n

noo 4N — (_1)n n—a 4— (_1)n

. 2 1 . 1 1 1 . 1 1
B16. Ilim s+—— | =lim + + =lim| — |==
1 1-x° x-1 1l 1-x 1+Xx x-1 U X+1) 2

B-17.»= /im | x—x* (n (1 + Ej =(im X —Xx? (E—iz+i3— ...... j = (imx—x+E 1 +
X—>0 X X—>o0 X 2X 3x X—> 0 2 3x
. x’ x* X x*
e—%_ COSX 1_? + 4 2!_ ...... - _5 z_ ......
B-18. /im 3 = (im
X0 X° sinx X —0 3|: X3 :|
X X—=" 4+
3!
xio Lo e L 14
. 4 | 8. 31 6 ! [1 1} 1
= /im — =
X0 4{ X2 } 8 24 12
X 1= +......
3!
A 2 A 2 2
B-19.m fim —S'n(GXZ) = (im SN&< .
x > 0 fncos(2x” —Xx) x >0 6Xx ¢n(cos(2x“ —x))
. 6x° (0 j
=1 (m —————— | — form
x - 0 ¢n(cos(2x” —x)) \0
: 12x : —12 cos(2x® — x) : X
= /im - 5 = . fim >
x>0 (=sin (2 x° — X)) (4x-=1) x-0 4x -1 x>0 gin(2x° —Xx)
cos (2x*—x)
(ﬂj . tim . =12, [ij 12
—1 x>0 (cos(2x” — x))(4x —1) -1
B/t
B-20. Required=@ =-—cosxatx=a
X =a
. sin(a+3h)—3sin(a+ 2h) + 3sin(a+h) —sina
= lim =—cosa
h—-0 h3
Section (C)
41+ =
Xl /im X2 4) . (x+1) /im4(x+l) ,imixj
C-1.  (im (XLZJ (1~ form) = efﬂ(x’2 ) = 0D = gl (-2 =e
xow \ X =2
5 5 5
C-2. fim (1+tan2x§)X :!ging <1+tan2\/0+h>°*h :ﬁing (1+tan2x/ﬁ)“(1°°form)
x — 0° - -
_ 5tan?h im Mz
:eﬁi‘ST: egﬁos[\/ﬁ] =g’
1 1
c-3. fm(L+[x])" @™ = fim(exact )" ®@™ =1
X—> 2 X—> 2
21
2 e N meae
C-4. (im —Xz 2x + 11 e“"[ X ] =™ 2 e LW 2
xom | X5 — 4X + 2

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005

Resonance”®
/\ Educating for better tomorrow Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in ADVLCD- 18
Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Limits, Continuity & Derivabilit

y

1

C5.  (m (cos x)snx (1= form) =

X

(2 ) ;)‘a”@a]

C-6.» /im

X—a

a — X-a
fim (2 -— - 1] . tan [ij fim (uJ tan (—] 1 fim > Lm — = - =
- ex»a X 2a) — exa X 2a - ea x—>a cot [?aj = ea R e [;ij —ga
a

l %( 1 x] + [2°x]
n—->w© N
x-1<[1¥x] 13x
23x-1<[28x] 2% x

C-8.»n

n®x -1 <[n®x] ndx
Adding all these inequilities
(13+23+ 38

nz(n+1)2X_n .
4 < X+

[ costx-1 i
Required = egg[ ¢ ) = e

—25in2§
fim
cosx—1 .
tnf o) 7 2sincos fm-en|
e = e = e

X

2) =e0=1

(1»form)

1

+...+ [n*x] )

n(n + 1)j2 «

n4

2
(1+Ej é—i < /im
n) 4

n3 n—oo

2°X] +....+ [n°X] ( 2
n* :

[BX]+[2°X] +......... +[nx] < i (1+}j2§
K A n) 4

n N—o0

[BX]+[2°X] +........ [n*x] y

Section (D)
D-1.  limf(x)=1f(0)

COs(sinXx) —cosx
m E =

x—0 X

a=

2 . (sinx+x) . (x-sinx
— Sin sin =a
X 2 2

= a=Iim

x—0

sinx + X

X—sinx 4 X

2

—-(2x+1)
| x

|

D-2. f(x) =

(x + %j [X]

x+1/2

2

-2<x<-1
+1/2|
0 , 0<x<1

-1<x<0

1<x<2

5 , x=2

1

f(x) is discontinous at x = -1, 0, > 1,2

. [ sinx+Xx X —Ssinx
sm( 2 ) sm( 2 j 1(sinx+Xx [ X—sinx 1
2. . ( j( j:2.1.12(1+1)(1—1):0
X
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Limits, Continuity & Derivability

/m [(A-h)*>-2(1-h)+5]
(n [1-4h]
does not exist as denominater is tending to zero. similarly lim f(x) also does not exist.
n—-1"

D-3. XIETJ f(x) = Ihm f(1-h) = Ihm

D-4. lim xsin(g(x 4 2)j — lim (—x)sin(%xj - -1 and lim xsin(g(x + O)j -1

x—1" x—1" x—1"

Section (E)

J1+P(X) -V1-Px _2P _ 1

E-1.  LHL (x = 0) = f(0) = RHL (x=0); LHL = Lim p f(0)=~ ~=RHL

x>0 X 2
1 ; x>3 1<x<?2

E-2. If [g(X)] = sgn(g(x)) =sgn (X(x23—=5x+6)) =sgn x (x—-2) x—-3))=| 0 ; x=12 3
-1 ; 2<x<3;x«<l1

f(g(x)) is discontinuous at 3 points (0, 2 and 3)

E-3. y= ﬁ where t :il , ¥ = f(X) is discontinuous at x = 1, where t is discontinuous and
+t- X —
y:;att:—Zandt:1:>i:>—2x+2:1,x: E
t+2)(t-2 x-1 2
-1 = X=2
x-1

f(g(x)) is discontinuous at x =% , 2,1

E-4. Letf(x) =2tan x + 5x — 2

f(0)=-2 f(ud)=2tan =+ sr_,_5m
4 4 4

Now X e [—2, %n} and f(x) is continuous on [0, n/4]

By intermediate value theorem c € [0, /4] for which f(c) = 0
(b) is correct.

Section (F)
F-1. f(x) = x(\/;—\/x+1) is continuous at x = 0

109 =x(VX - V1) + x [%z—f—lj

) = V2 x
f(x)—xﬁ— X+1+7_2—'x_+1
f'o)f'(0)=-1

Hence it is differentiable at x =0

1/x
)((36—17;4)’ X#0
F2m f)={ 27°©
0 x=0
-h(3e™" +4)
. 2 _glh -0
f(07) = lim =2
h—0 _h

f(0) = Iirrgf(x) =0= hIim f(x) =f(0) not differentiable continuous
X—> —0"
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Limits, Continuity & Derivability

F-3.

fx) =
Hi-

Lim f(x)=0
x — 0"

f(x) is continous

f(0)=0 Domain x >0

h
"0
RHD (x = 0) = Lim —\“Hl;]\/ﬁ =1

f(x) is differntiable at x = 0

F-4. f(x) = sin-‘(cosx) = g —cos'cosx =

T

—+X , Xe[-m, O
> €[-n 0]
T

——Xx , Xxe][0,
> €[0, n]

continous but not differentiable at x =0

F-5.  f(0) = Imf(x) =0-1+0.sin(-1) =1

(09 = limf(x) =0+0-+0.5in0 =0 =f(0)

f(x) is not continuous at x =0 at x = 2,
f(2)=2+2+2sin2=4+2sin2
f(2)=2+1+2sin1=3+2sin1l

f(x) is not continuous at x = 2

F-6. Obvious

F-7.  Lim f(x) =§ =f(2) = Lim f(x)=1
X =2 x = 2"

f(x) is not continous at x = 2

Lim f)= Lim f(x)=f@3)= 2
X —> 37 x —> 3° 2

1 3 o 9
2@ @)

= Lim

Now LHD (x =3) is I!_mg

and RHD (x=3) is 'I1_|rr(1]

Section (G)
X , x<0
G-1.  fx)= 17X
X , x=0
1+x
X , x<0
i) = 417X
X , x=0
1+x

—h h—-o0 4

9 9
= (S Sh =

h

f(x) is continous and differntiable for xeR

f(x) is discontinous at |[x| = 1

h’-8 h+21 21

4
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Limits, Continuity & Derivability

G-2.w= If 'f' is differentiable then |f| is differentiable at each point x, where f(x) =0
if f(a) =0 and f'(a) = 0, then [f| is differentiable atx = o = if f(a) = 0 and f'(a) = 0, then [f| is not
differentiable at x = o = If f is differentiable then |f| may or may not be differentiable,
[option A, C, D not necessarly true]
Now |f| 2 = f2(f 2)’ = 2.f.f since f is differentiable

f 2 is also differentiable

-2 0 2

G-4. y=1f(x) =max{a—x, atx, b},0<a<b

(0.,b)
< Z L
\\\\ s y=b
N
-
P )
/, \\
/// b N,
7 N,
-~ g \\\\
- Y = ax
-7 y=atx SN

f(x) is non-differentiable at 2 points

G-5.

U femmszz

X — X? 0<x<1/2
y=9g(x)=4 1/4 1/2<x<1
sinmx x>1
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Limits, Continuity & Derivability

—X X € (—oo,—) U (-1 )
G-6. S;: fx)=|xsgn (1-x3)|=30 x=-1 0, 1
X xe(©, DHu(@, )

-1

function is discontinous at x = —1, 1 and non differentiable at x =-1, 0,1

S, fx=asin® (x+1),x 0 = ANX=SNX
2 X
_ . tanx—sinx _ . tanx(1-cosx) 1
a=Ilm ——— =lim ——————=~
x—0" X x—0" X 2
1
a==
2
1 ‘
(x*)* =x , x>0 |

S, f(x) = (x?|x[)** = . .
(-x°)® =(-1)°x=-x , x<O

f(x) is differentiable every where except atx =0

VAN
N2 3

0

S,:
f(x) will be non differentiable if sin-1(sinx) = 0 or graph of f(x) has a sharp point. Hence number of points
of non differentiable will be 5.

sin (Tc [X—n] )
1+[ x ]2
fx) =0 V xeR.
Hence f(x) is always continuous. (False)
S,:  f®¥=px+1l+qx-1]= (p+a)[x]+p-q

G-7. S;:

1

f(x) = [x — @] is an integer for xeR

f(1) = 2p
f(1*) = 2p
f1)=p-q

But f(x) is continous at x = 1

2p=p-q p+q=0 [True]

-X , -1<x<0
0 , 0<x«<l1

S,: f(x) = |IX] x| =

3 () =] x| X . 1<x<2

4 X=2

-+ function is not continuous at x = 2

.. non-differentiable also (True)

S,: f(0) = constant f'(0)=0V xeR

f(10)=0 [False]
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Limits, Continuity & Derivability

G-8. f(x):{ X !

ax® +bx+c , otherwise

it gives a+b+c =1

Xx<1

f(x) should be continous at x =1

f(x) should be differentiable at x= 1

it gives 2atb=1 = b=1-2a c=1-a-b=a
Section (H)
2 2 2 ’
H-1. im 6 _ im f2h+2+h%)-f(2) (h-h"+D) () (2h+2+h")-(2) _ im f'(2) h(2+h) _ 3

o 4 o (2h+2+h%)—(2)  f(h—-h2+1)—f() (h-h’+D)—D) "o (1) hd-h)

H-2. f(x+y) =1(x).fly) and f(1) = 2

if(n) = (1) +f(2) + ........

H-3wm f(1)=1=2-1
f(n+1)=2f(n) +1

f(2)=2f(1) +1=2.1+1=3=22-1 = f3)=7=22-1

f4)=15=24-1
Similarly f(n) =2 -1

H-4.= f (x+£j =x2+ %:(x+—
X

jz—z

1
Replace x + —=1t, where |t| > 2
X

ft)=t2—2, |t| > 2

H-5. Method 1 : (usual but lengthy)

x2 f(x) + f(1 —x) = 2x — x*

replace x by (1 — x) in equation (1)
(1-x2fl=x)+fx)=2 (1-x)— (1 =x)* .....(2)
eliminate f(1 — x) by equation (1) and (2) we get f(x) = 1 — x?

Method 2: Since R.H.S. is polynomial of 4" degree and also by options consider f(x) = ax? + bx + ¢

X2f(x) +f(L—x) =2x—x* =

X2 (ax?+bx+c)+ta(l—-x)?+b(1l-x)+c=2x—x*

by comparing coefficients

a=-1
b=0

c=1
fx)=—x2+1

H-6.a f(x+2y)=f(x) +f(2y) +4xy V xyeR

Replace 2y with y we have

fx+y)=f(x) +f(y) +2xy V XxyeR

diff. w.r.t. x
f'(x+y) =f'(x) + 2y

Putx=1 y=-1 £1(0) = f'(1) =2
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Limits, Continuity & Derivability

PART - Il
1. Consider the graph of 2 cos x in (-, «). 2 cos X is integer at 9 points.
[2 cos X] is discontinuous at 7 points in (-, wt)
Similarly from graph of 2sinx, we can observe that [2 sin X] is discontinuous at 7 points
(continuous at —m/2, )
[2 tan x/2] is discontinuous at 4 points (continuous at —n/2)

[3 cosec x/3] is discontinuous at 4 points (continuous at n/2)

y =[2 cos X] y =[2 sin ]
S 2 ——
///‘1 \\\ ’,/ \\\
/ \
/ .\A - / %
- J; ?\ T \ /
/7 =1 o-?\ ; -1
/// i s i \\\ \\\ A .
y = [2 tan x/2] y = [3 cosec x/3]
y
y 6
5 —o8
/ AE-y
7 3 sy -
—n/2 e «
// /2
/ X
7 /2 3n/2 2n
2. (A) f(xX) = |x®| is continuous and differentiable

(B) f(x) = \/|7| is continuous

1 X :
f'X) = —. — {does not exist at x = 0}
2,/| x| x|
© f(x) = |sin-* x| is continuous
]
f'(x) = sin_X ! {does not exist at x = 0}

CIsintx| - x?

(D) f(x) = cos |x| is continuous

1 x

f'(x)=
1-x2  |x|

{does not exist at x = 0}
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Limits, Continuity & Derivability

EXERCISE # 2
PART-1
i IXB _rx
S B SR
3 3
Xx=a-h = (im la=h} _[a=h = ¢im BB _|1_h"=gq2_0=a:
h—0 a a h—0 a
2. ‘im coszcosizcos%cosi4 ....... cosi = (im _smx o (v fim X 0):w
n—w 2 2 2 2 il n_’wzn . X n-ow N X
sin
3w sinB<0<tand, o e (o, Ej sinb _, _tand
2 0 0
nsin® ntano . nsino ntano
<n< /im + ‘neN
0 0 o0 0 0
LHL. = fim [[nsme} {ntane} j:n—l+n:2n—1
650" 0 0
R.H.L. = fim ({nsme} +[man6U —n—1+n=2n-1
60" 0 0
LHL =RHL=2n-1
4. RHL= fim [(Le*)w}whenxe (0, hyand h - 0 then (1 - &) < (-1, 0) and S"% < 1
x—0" X X
So -1<(1-¢) sinx <0; ¢/im {(1_(3*)%}:_1
X x—0" X
LH.L = ¢im {(1—eX)L”X} = (im [(ex—l)ﬂ}
x—0" —X x—0" X
when x € (=h, 0) and h —» 0, then ex—1 € (-1, 0) and SIX 4
X
So -1<(e-1) 22X <
X
So ¢im {(e*-1)%}=—1 LHL =RH.L =-1
x—0" X
COS | X— ——+...|—COSX
i - 3 !
5w sim cos (sin 4x) COS X 4im -
Xx—0 X X—0
x3 : x3 !
X——++... X——+...
( 6 j ( 6 J { X2 Xt }
1 L —1-=—+=—=
2! 41 21 4
o102 13 x*
= Jim 2" 6 24 24 T _1i_1_1
x>0 x* 6 24 24 6
_tt 1—t'(1+ ¢nt Tt (1+ (nt)’ _1-
6.1 |mL = I'm(—) (LH. rule) = lim ( ) (LH. rule) = -1-1 =2
t->1]1—t+ /nt t—1 t—1 -1
—1+E _t7
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Limits, Continuity & Derivability
/im tan?x (\/2 sinx + 3 sinx + 4 - \/sinzx + 6 sinx + 2)

7.5
X — 2
o 2 sin’x + 3 sinx + 4 — (sin®’x + 6 sinx + 2)
= (im tan?x
x o2 \]2 sin’x + 3 sinx + 4+\/sin2x + 6 sin X + 2
. 2 _ .
— Jim tan?x (sin“x—3sinx+2)
x > X N2+3+4+1+6+2
. 2 .
= (im 1 S x 323|nx+2 (9 formj (9 ?ﬁqj (use L'Hospital rule)
x> 2 6 COS“ X 0
1 .2 sin x cosx—-3cosx _1 . 2 sin x-3 _ (1)[1]_ 1
= = (im - == /fim —— = |=|=|=—
6« 2cos x(—sinx) 6 « >z -2sinx 6/)\ 2 12
8. a, B are the roots of the equation ax2 + bx + ¢ =0
ax?+bx +c=a(x—a) (x—B)
1 fim a2 +bx+c fim 30~ %) (X=B)
€im(1+ax2+bx+c)H = e xo ze % (-9 = ga@-p)
1 1
o[ [2) -
9. fim - ,heN
X—®© X
& _(a)e i
Zim (2) n(3) when X —>o,— >0
X—>00 X
eX
Put — =t
e
t_ ot
fim [2 3 ]z /n2 — /n3 = /n (—j
t—0 t 3
ay by
exp(x (n |1 + )| — exp|x (n |1+ =~
10.= (im | (im
y—0 X —> 0 y
TREE)
= (im | ¢im by expansion
y—0 X —> y
- 2 \2 - 2 \2
{1 + ay+ X(x=1) azy2 J - (1 + by+ M.b y +J
21 X2 21 X2
=/im | ¢im
y—0 X — © y
y2
y@@=b)+2-(a®>—=b?)+.....
= (im 2 =a-b
y—0 y
Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in
Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029

‘ PN Resonance”
Educating for better tomorrow



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Limits, Continuity & Derivability

t2
Case-l: whenx =0
fx)=0
Case-Il : whenx>0
_ 2X X)) _
f(x) = {Lrg (?cot t—zj =

Case-Illl whenx<0

11.= f(X)= (im (ﬁcotlij
-0\ =«

%xcotfl(oo): . % O:O
T T

f(x) = ¢im (Z—Xcot‘léj - x cot™l (—w0) = Z—X = 2X = f(X) = 2x
t—0 T TC T

t

12. gxX)=x—-[x]={x} € [0,1)
g(x) is discontinuous only at
Now  h(x) = fog(x)

X el

h(x) is continuous V x e R—1

Let X e |, consider x =n
h(n) = f [g(n)] = f(0)

lim h(x)= lm f{x}) =f(1)=f0)

lim h (x) = lim f

xH=f0) = h(x) is continuous X € |

h(x) is continuous V x € R

(a+b+5)+[

bj 2
—a—E X" +.....
=3

13. lim f(x) = lim
x—0"

x—0"

= a+b+50&-a-

N | o

=3 = a=-1,b=-4

3 1/x 3
Because lim f(x)= lim [1+(MD exists so, lim (ﬂj =0 =c=0
x—0"

x—0"

Now lim (1 + dx)¥*=¢ed=3
x—0"

X2

14.  f(x) = {

It is continuous x2 =1

)(2 x—0"

X

X is irational
1 x is rational

XxX==1

Discontinuous at all x except x =1, -1

[sin0]=0 0<x<1
[sin]]=0 1 <x<2
[sin2]=0 2<x<3
15. f(x) = [sin[x]] = {[sin3]=0 3<x<4

[sind]=-1 4<x<5
[sin5]=-1 5<x<6
[sin6]=-1 6<Xx<2n

f(x) is discontinuous at (4, —-1)
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Limits, Continuity & Derivability

16. f(x):{ 0

D" xe(nn+1),

Xel

nel

f(x) = discontinous at all integer value of x.

17. lim F(x) = lim-~ Jh (1—hsin(—%D =0

lim f(x) = lim Jﬁ(u hsin 3] =0
x—0" h—0 h

f(0)=0

f(x) is continuous at x = 0

oo ()

LHD atx=0is Ihmg

1-hsin (—1j
o h
=lm———~2

—h h—0 \/ﬁ

LHD is not define so f(x) is not differentiable at x = 0

18. y = f(x) = max {x?, (x-1)?, 2x(1-x)}

y =1(x)

] y=(x-1)°

y =2 x(x=1)

y=x]
o \“

Non-differentiable at two points.

19. f(x) = [X] [sin =X],

xe(-1,1) = {

f(x) is continuous in (-1, 0)

1; xe(-10)
0: xe[0))

20.m  f(x) =[n + psinx],x € (0, ©) graph of y =n + p sinx

n+p

n+3
n+2

A
VN
/ \

n+1

\
\

y=n ((0,n) (Zn]

obviously

(m, )

f(x) = [n +psinx] is discontinous at points mark in above curve

= number of such points = (p-1)+1+p-1=2p-1

21. Given g(x) = ig(x) cannot be define where f(x) = 0

f(x)

= if f(x) is onto, g(x) may or may not be onto

same argument can be given for continuity and differentiability of g(x) if f(x) is one-one

= for x=x, = f(x )=f(x,)
a(x,)#9(x,)
= g(x) is also one-one
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Limits, Continuity & Derivability

22. fxX)=x3-x2+x+1
f'X)=3x2-2x+1>1
f(x) is strictly increasing

max {f(t) ;
3-x+x?,

So g(x) = {

g)=f(1)=1-1+1+1=2 = lmg(x)

limg(x) =3-1+1=3
x—1"

g(x) is neither continous nor differentiable at x = 1

23w f (x+yj _f(x)+1(y)

3 3

Putx=3x and y=0

(39

) = =2

limf(x+h) = limf (MJ = lim
h—>0 h—0 3

vV XeR

0<t<x} , 0<x<1 f(x) 0<x<1
1<x<2 Tl 3-x+x? l<x <

(1) f(0)=10, f'(0) =3

i3 +f(3) _ f(3x) _,

h—0 3 3 (X)

Similarly we can prove Lirrgf(x—h) = f(x) f(x) is continuous for all x in R

Given thatf'(0) =3 = LII’T(])

oa. f(x+yj:4—2f(x)—2f(y)

3 3

differentiate w.r.t. y %f’ (

fh) = Iim@ =3
h h—0 |
v, xyerR . (2)

X+y 2
2T I _Z¢
g ] = )

replace x with 3x and y with O

f'(x) = -2f" (0)
putx =0

we getf'(0)=0 =f(x)=0

in equation (1) put x = 0 =y it gives f(0) = ; = f(x) =7

sin"(1—{x} . cos™(1-{x})

= f(x) = constant = f(x) = f(0)

4

PART-II
m sin'(1—-h) . cos™'(1-h)

. i f =/ =
R R TR e d )
T
_ . sin'(1=h) sin"\h 2-h)_ .5 sin"h2-h) > _ . m ﬁ h =«
=/ =/m< —X2% 7 2h-h?’=¢lim= 1. J[1-=—==
hm (1-h) /Zh hLO 1 i2h—h2 ﬁ hmz 2 2
T
. . sin'(1={x}) co8 (1-{» _ sin"h . cos™h o2 =«
f(x) = ¢ = -2 - ™
o o= 100 23 (1-{x3) hso o f20-h) h 2 2\2

2 2
then 4( lim f(x)) +8( lim f(x)j = 4(n/2)2 + 8(n/2 42 )2 = 272
X—0"

x—0"
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Limits, Continuity & Derivability

3=

n

1
X2

X@r)noo [x sin[%] +sin

1—cosx «/cos 2X

/im

) o

x—0 X2

1

(1
_ sm[i} (1
/im ———+sinfl—|(|=1+0=1
2
X X

o 1—cos” X cos2x o 1
= /im = /im

0 (1+cosx Jcos 2x )X =0 (1+COSX 4fcos 2X )
1—(1+C;SZX) COS 2x

. 1-co$ x cos2 _ 1 . _ 1 . 2-cos2x—(cos2x)’
Zim > = — /im > = —/im 5
x—0 X 2 x>0 X 2 x>0 2X
= 2 fim ——(cos 2x + 2) (cos 2x — 1) —1 fim (cos 2x + 2). (im ﬂ
4 x-0 X x—0 X
. . 2
= @2 iy 280X 3 (SN2 3= 3439 21650
x>0 x? 4 x>0\ X 2 2 2
3f(x) -1 3imf(x)—1
fim f(x) exist and is finite & non zero Elm {f(x) 5 } =3 = /im f(x) + >*=>*>—— =3
o T o [ (im0
Let fimf(x) = A
A+ 3A2_1 =3 =>A=1s0 /imf(x)=1
A X—0
tim (g (h (x)))
x—0
L.H.L. x > 0~
‘/im h (x) = 0*
X—0-
€|m f(g(x))
then ¢im g(x) = 1+
X—>0+g( )
1 _ 35
élm f(x)=12(1) - = = =
(x) =12(1) Yy -
R.H.L.x > 0*
h (x) = 0*
so (im f(g(x)) =0
Lim  H(g(x))
L.H.L. = R.H.L. = 3
fim g(f(x))
L.H.L. = /¢im g[f(x)]
X—0"
¢im g(sinx) = /im g(sinh) = /im  (sin? h +§) = >
X—0" h—0 h—0 4 4
. . . . . . . 5 5
= = = = 2 —) = —
R.H.L. fLT glf(x)] XKLT g(sinx) ﬂg g(sinh) ﬁm (sinz h +4) y
L.H.L. = R.H.L. = >
4
so /im g[f(x)] = >
x—0 9 X B 4
®
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Limits, Continuity & Derivability

8. =

10.

11.

n

. 1 1 1 1

‘im + + S AT —_—
n—0 [F 241 n?+2 Jn? + 2n]
using sandwitch theorem

1 < 1

— <
Jn2 +2n n

adding all these inequilities

1 1 1 1 2n

+ + Foreeeireees F_ < —

Jn2 Jn2 41 Jn?+2 n? +2n n
Taking both side /¢im
N—>co

€im[1+1+1+ i - J—Z
N—00 «/n_2 Jn2+1 Jn?+2 n° +2n

similarly ~ lim f(x)=1
X —> 0

_ (sntx—tantx 94xtan‘(v2-1)) .
/im 3 + - is equal to
X > 0 X SN tX
T
P 1 94x — Wl |2 3[i+—j+x5 EE
jim | SN_X-tan—x 8 —€im{ }3{ 5 }+9—=€im 3.33() +£:12_25
X > 0 X3 Sin X x = 0 x X > 0 4
. x3 . 1 . x3
/im =1 = /im Zim —=1
=0 Ja+ x (bx — sinx) x>0 fa+x 0 bx—sinx
1 x3 1 x3
= — . /im =l= —. /im =1
Sy 3 5 . 3 5
e b{_ ...... } oy S
31 51 1 5 1
If limit exists, thenb —1=0 = b=1
A x3 1 1
SO —./im =1 = —x — =1 = a= 36
\E x—0 3 1 X2 \E l
DGR [
6 120 6
SO a = 36, b =
n n
0= 2, (X_%j [X_4x5 1} 0 = 3, (%) (_4 15 1}
h=1 (*+1) A=1 *+3)
n
35 3B &1 1
= f(0) = 2(4—] f(0) = —Z(———j
=41 +1) 4 =\L A+l
= (o= Bl 1) o go= N
4 n+1 4(n+1)
Now  4im f(0)=€im% = im 351 - 41350 :%
n—» 4(N+1) Nn—o0 4(1+j (1+0)
n
®
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Limits, Continuity & Derivability

-1

12.  LHL= fim f0—h) dim =f(-h) = am (=" =1
h—0* h—0* h—0*
RHL = ¢im f(0 + h) = ¢im f(h) = ¢im (fim j -1
h—0" h—0' ho0" \ no» 4 4+ h" 4
2 x 11
13.= @ +x)* :e[1—— S }
24
1 2 e—e[1—;+;jx2— ..... }
Now /¢ = /im ¢ @ +x) ‘im 5 . =&
x>0 tan x x>0 X 2x 2
X+t Tt
3 15
e " 4+ e —Zcosn—zx—kx2
14. fim -
x >0 (sin x — tan x)
2 2 4 2 4
2 |14 X +n“x - -2 1_n3( +n§( = coomoanc -k X2
. 2! 41 42! 16.4!
= {im
X =0 3 X3 2
X— "+ — | X+t +....
3! 3 1
2 4 4
|2+ k|4 x| 202N
. 4 4!  16.4!
= (im
x =0 3 1 1
bl [
3! 3
limit exists, if coff. of x? is zero.
n2
:>n2+Z—k=O:>4k=5n2
so the possible value match thatisn=2, k=5
SrP(n-r+1) Y+ P> r° (n+1) (M (n+1) (2n+1)
15 fim i =fm 1 = im _ 1?
Z r3 Z r3 n (n+ )
r=1 r=1 4
:1/_3 _1:5_1:£
1/4 3 3
98
16.  fim o -1
B e TS 9
Yoon o en?

the limit obviously exists if x — 1 = 98
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Limits, Continuity & Derivability

1 , x=0
0 , 0 <x <£1/2
17, f(x) = -1 , 1/2<x<1
5-4x , 1l<x<5/4
4x-5 , 5/4<x<2
6 , X=2
6 .
54
2
34
2

e—.

of 12 1 54 2

o0—e

f(x) is discontinous at x = 0,

18. y = f(x)

1/2,1,2in[0, 2]

y=2-|X| 4x—x"-2
2 W 13

1
y= 2x2+12x+16\/

-119

y = f(Ix])

-119

19, ¢ (nj: im 1-cosh ¢n (cosh)
0 4h? (n [L+4h?]

L 2 sin®h/2 4h? /n(1-2sin*h/2) 2sin’h/2 _ 1 _ 1
=lim 5 . o - — . 5 =—.1.1. (-1).1 =——

h-016x16{ h°/2 ) ¢n (1+4h°) 2sin“h/2 h=/2 64 64
= o = 64 = 26 43 82 641
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Limits, Continuity & Derivability

20. We have lim f(x) = lim (sin(=h) + cos(=h))cosecth = |im (cosh — sinh)-cosech
x— 0 h—0* h—0*
1 ) (cosh—sinh-1) cosh-sinh-1
= lim (1+(cosh-sinh—1)©shsm= s = |im g -sm =g
h—0* h—0*
1 _2 -1
eh+62/h+e3/h . eh+eh +1

Now we have lim f(x) = lim lim €
X - 0 ho0* ae—2+1/h + be—1+3/h he0* (ae—Z)e—Zlh + (be—l) b
If ‘" is continuous at x =0, thene =a = % givesa=eandb=1

21. y = |sinx]|

NN

—2n - I “0—7;/2 n ’ 2n

y = sin|x]|

—2iN\_fn 0 ™/

y = f(x) = |sinx]| + sin|x|

N N@ a)

-3n  —2n

f(x) is continous every where
f(x) is not differentiable at x = nn
f(x) is not periodic
22. Differentiability at x = 1
sin[(1-h)’] =
(@-hy>-3 (1-h)+8

+a (1-hP’+b-(a+b)

f(1) = Iﬁfg -
3 2
- Lim B S5 —a(g formj = Lim 22 _@-h7
h—0 —h 0 h—0 1
f(1) = 3a
-1 A g —1 A
P(1) = Lim 2cos(l+h) w+tan~(1+h)—a-b _ Lim( 2cos mh+tan~(1+h)—a-—b)
h—0 h h—0 h
Function is differentiable
T
-2+— =a+b .. 1
2 (1)
- Lim —2cosnth +tan (& hy 2n/ _ Lim2x sin xh + 1 : _1
h-0 h h—0 1+(+h) 2
Now f'(1-) = f'(1*) 3a = %
1
a= = (2
5 (2)

b 13
by (1 d(2)b== —-=—=
y(Dand(b=7 -2
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Limits, Continuity & Derivability

23. lim f(x) =lim x*e”* M =1
x—>1 X,
f(1) = 1

lim f(x):lirn1 a sgn (x +1) cos2(x-1) + bx?2 = a.1.1+ b
x—1" X!

for continuitya+b =1

LHD (x=1)is lim
h—0

(1-hye? -1

asgn(2 +h)cos2h +b(1+h)* -1 _

2h
:Iim2e‘2“+he‘2“+[ € - 1J:2+o+2:4

h—0

lim acos2h +b +bh? + 2bh —(a +b)

RHD (x = 1) is Ihmg

h h—0 h

= Iima(%h_lj+bh+2b =2b

f(x) is differentiable atx =1 if 2b=4 b=2 a=-1

24. As 0<{e}<1
e} -1 _
noe fe*}" +1

-1 = fx)=—1VxeR

25. f(x) = [x sin nx] graph of f(x) is as shown in the figure
)

2f(x) — 3f(2x) + f(4x)

26. Given f’(0) =4 Iing
using L'Hospital rule Iirrg
using L’ Hospital rule Iirrg

27. (10 —x) = f(x) = f(4 - X)

H
> — | form
X 0

2/(x) — 6(2x) + 4F/(4x)

2f"(x) —12"(2x) + 16f"(4x) _2.4-12.4+16.4 _

0
— | form
2x {O}

12

2 2
= f(10 —x) =f(4 — x)

Letd —x=t = fe+1t)=t

= f(x) is periodic with period 6. = f(x) =101 at x = 0,6,12, 18, 24, 30
Since f(2 + X) =f(2 = x) = f(x) is symmetric about x = 2

= f(0) = f(4) = using periodic nature

f(x) =101 at x = 4, 10, 16, 22, 28 = f(5+x)=f(5-x)

X is symmetric about x =5

f(0) = f(10) = x =4, 10, 16, 22
f(6) = f(4) = x=0,6,12, 18,
Total different values of x are 0,4, 6, 10, 12, 16, 18, 22, 24, 28, 30

28. > fa+k) =2048 (2" - 1)
k=1

or fa+1) +fla+2)+
fix +y) =1(x) . f(y)

f0)=1,f1)=2
or f(x) = 2

Now fla+1l)+fla+2)+
=222+4+ ...

......... +f(a+n)=2048 (2 - 1)

or 2048 = 2a+1 ora=10
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Limits, Continuity & Derivability

PART - Il
2 J—
1 F(x) = X 9x + 20
x —[x]
o XP— 9x + 20 _ 25-45+ 20
‘/im = =0
x>s X — [X] 1
/i x> — 9x + 20 _ sim (5+hy¥=9(5+h)+20 _ sim 25+10h +h®>—-45-9n+20
x5 X - [X] h—0 5+h—[5+h] h—0 h
2
= (im " +h = (im hth+1) =1
h—0 h—0 h
¢tim f(x) # ¢im f(x)
X —>5 X — 5"
so €irr; f(x) does not exist
5 Let f(x) = c0522—0052x
X" =] x|
(A) €imlf(x)
forx= -1 [X] = = x
COS2 — COS 2X
f(x): —
X+ X
Now éimcoszz_ﬂ(form) = éimm = 2sin2
il X +X x>-1 2x +1
(B)  AmS232mC09X (Oormy = im23N2X _ oging
X1 X — 0 x->1 2x —1
3. For ¢im ﬂfor [Q] form
x>0 X 0
1+a=0 = =-1
for fim 25X B _ jim h=o
X —>0 X X2 X —> 0
2sin2 X A X 2
. _ sinc2 sin £
Now, ¢ = (i —ec0sXy , OSIXE = COS X i 2 —yim2 2| =1 gp=1
x—0 NG x—0 X2 X —0 X2 X >0 X2 x>0 4 % 2 2
1
(&, b)=(-1,0)and ¢ = 2
4. f(x) = Ix + =]
sinx
(A) f(-m*) = /4im M = /im L =-1
h-0 sin (—m+h) h-0 —sin h
(B)  f(-n) = fim M = /im ﬁ =1
h-0  sin(—n—h) h-0 sin h
(C) f(—m*) = f(—n") so (im f(x) does not exist
(D) for ¢im f(x)
LHL = am X2 o iy 20=h 20
x>n  sinX h-0 sinh 0
RHL = fim X = =1y 2nth _ 2n
x->r SinX h—»0 —sinh 0
LHL # RHL so Zim f(x) does not exist.
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Limits, Continuity & Derivability

2x
= <
5 F(x) = 1+a, 0 < x <1
ax, 1< x < 2
L.H.L. = dmf(x) = fim 1 + 20-h) _,,2
x—1 h—0 a a
R.H.L. = dimf(x) = gn*g a(l+h)y=a
x—1" —
f(x) exists
L.H.L.= R.H.L.
= 1+g:a:> a?-a-2=0= (a-2)(a+1)=0 = a=2 -1
a
6. a, B be the roots of the equation ax? + bx +c =0
where 1 <a <.
() if a>0
1« i
So ax*+bx+c>0 whenx e (—», a) U (B, )
2
So €imw=lwhena>0andx6(—oo,oc)u([},oo)
x>% axX® +bx+c
(i) Ifa<O0

T

2
So ax?+bx+c>0whenx e (a, B) éimM:l
x>% ax® +bx+c
whena<0 and X € (o, B)
So (A) a>0 and x, <1 right
(B) a>0 andx,>p right
(C) a<0 and a<x,<p right
(D) a<0 andx,<1 wrong
7. (A) fm>n =m-n>0 .. Eirgcp(x):o
(B) If m=n, then
m m+1 m+k
fimdix) = im a,X +a1m+1+ .......... +a,X / _ 3
2 =0 pox™ +b ™ +b,x™" b,
(C) If n—m is even positive, then fir‘gq)(x) =wo  as 2—0 >0
- 0
(D) If n—mis even positive and ;—0 <0 , then Eirgd)(x) = —0
o —
8. To find fin;l f(x)
L.H.L. = fimf(x) = ¢im \f{x} cot {x} = (im J(1=h) cot (1-r = Jcotl
x—0" X—0" —
2 2
RH.L = fim f() = fm 2000 _ py __@UI0SN] g 1A 0
Xx—0" x-0" X° —[X] h-0 (0+h)* —[0+h] h->0 h

L.H.L. # R.H.L.so f(x) does not exist. f(x) is not continuous at x = 0.

2
Now  cot? ((im f(x)) =cot* (yJcotl)?=cot* (cot1) =1
x—0~
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Limits, Continuity & Derivability

242 2 _ 2
9 (A) X+—€m X ¢im X __ 1
x> -0 3X -6 x> o =3X -6 X—>00_3_7 3
2 1+ —
(B) fim XX 2 ‘im X -1
x> » 3x—6 X—)oo3_§ 3
X
10. f'_r,‘?) 2sin x cos)>(<3 + a sin x _ b (finite)
. sinXx 2cosx + a)_ . sinx . 2c0SX + a _ . 2cosx + a _
= (im . 5 =p=/im . fim > =p=(lm———=p
x—0 X X x—>0 X x—0 X x—>0 X
For [%j form2 +a=0
a=-2
.o X
-2| 2sin®
- = ¢im Acosx=1) = tim ( ZJ: =_1
p B x—>0 )(2 p B x—>0 X2 p B
1. ¢m @D
xowo o XU+ A
e
a+— 0
(A) IfneN= /im );‘ = @+0’ [,
X 1+ 8 1+0
X
®) Ifnez &a=A=othen fim & o i Lo 7
x> X'+ A X—® X
n
© If n =0 then /im o = /im L = L
xoo XN+ A e 1+ A 1+ A
(D) IfneZ, A=0&a =0 then/im (a>n<+1) = /im (axtl) =/im (a+lj
x-w X' 4+ A X—>o0 X X—>00 X

=(@+or =a
12. 0] (= fLrQ(sim/ x+ sin/_}
{mq EJ_J_]
2 2

= /= ¢im2co

X—0

sin

2 (B eV

= / = ¢fim2co

X—>0

{ﬁ.-ﬁ-xﬁ(} X+ E X
2

= ¢ = (im2cos PxrIx+1 sin 1
X 2 2 ( X+\/X+1)
= ¢ = (oscillating value -1to 1) x0 =0
(i) m = {m [sinx/x+l—sin\/ﬂ
when x

then & undefined

m is undefined
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Limits, Continuity & Derivability

(im(=sin h) (¢ nh)

13. fim f(x)= /im | 0 — h|sin©-N = ¢/im hsirtN = =e’=1
X >0 h—0 h—0
/im f(X): gim|0+h|5in (0+h) — élm hsin h :eh’ijl(sin h) ((nh): g0 =1
x — 0" —>0 —0
fim f(x) = ¢im f(x) =1
X — 0" x — 0"
€irr(1) f(x) =1
1
14. tim (cosx+a sin bx)x = e? (1~ form)
im (cosx +asinbx—1) fim (—sinx +abcosbxj
= e’ x =e> = e ! =¢e? = (im (—sinx +abcosbx) = 2
= ab =2
2 2
a=1b=2; a=2,b=1;, a=3,b==;a==,b=3
3 3
2
15. tim (1+ax+bx* )< = es (1= form)
fim_(ax+bx2) 2 fim 2X(@_+ bx)
. x>0 = g3 — x>0 X =3
fim 2(a + bx)
- x=0 =3 = 2a =3
a= E, beR
. . . . : . - inh
16 /im log ,(sinx) = €|m log o.\(SIN(0+h)) = ﬁlrg log ,(sin h) = ﬁlm 206 sint
Xx—0 smE —0 sm(T) = sun(i) —0 |Oge SII’E
. h h . h h h
log, 2sin—cos— log, 2 +log, sin— +log, cos — log, 2 +log, cos—
= fim 2 = (im 2 2 = fim 1+ 2
h—0 . h—0 . h h—0 . h
log, s:mE log, sm5 log, s:mE
=1+ M =1+0=1
(e 0]
n
17. fim — =0 (n e integer)
X — 0 e
case (i) whenn=0
then /im P im X =0
X —> eX X — © eX
n I
case(ii) when n is +ve integer Xém ;(—X [% form] =X€er30 % =0
case(iii) whennis—-ven=-mwherem € z*
fi xn i xm  _ /i 1 _
erTo]o e_X _an}o eX B XLnl Xm.ex -
SO ‘im X—X =0
X > w0 e
_ 12N o o
18.= f(1) = fim Iog32 ik S|n1:IogS sinl
noe 1M 4] 2
_ 2n _ o
£(14) = lim lim log(3+h) (1+r21) sin(1+h) _ _sinl
h—0 n—ow (1+ h) n +1
_ _ 2n _ o
£ (1) = lim lim log(3+h)—(1 r;) sin(1+h) _log3
h—0 n—oo (1_ h) n +1

discontinous at x = 1

Resonance®

Educating for better tomorrow

n

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

ADVLCD- 40
Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Limits, Continuity & Derivability

19.=  (A) f(x) is continuous no where
(B) g(x) is continuous at x = 1/2
(C) h(x) is continuous at x =0

(D) k(x) is continuous at x = 0

| x=3] xX2>1
20. f)=]x> 3x 13 1 Clearly it is continuous at x = 1
— <

4 2 4
f(1) = f(1-) = f(1) atx =3 (39 =f(39) =f(3) =0

It is continuous at x = 3

(1) = tim DD
n+0 —h
_ _ 2 _ _ o 2
1) = Iimf(1 h)—f(1) _ h*-2h+1-6+6h+13 8: Iimh +4h -
n+0 —h —4h n+0 —4h
1
21. f(x) = > x—1 A4 Xe[O,n]
1 2 L .
—_— which is not continous at x = 2
f(x) x-2
tanf(x) = tan (%j v xe[0n]
X—2 n—2
2 e{ "2 }

= tanf(x) is continuous in [0, nr] y = f-1(x) = 2(1+Xx), which is also continous in [0, =]

22, fx) =[x andg(x)z{)?z’ X::I_I

limg(x) = Iinlx2 =1,butg(1l) =0
Iirqf(x) = Iiml[x] does not exist since LHL =0 and RHL = 1

gof(x) = g([x]) = 0 = gof(x) is continous for all values of x

0 , xel
fog = )
{[x] ' xeR-1

fog(1) =0, lim fog(x)=0 , lim fog(x) =1
X—>1— x—1"

fog is not continous at x = 1
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Limits, Continuity & Derivability

“1+x+1 , -1<x<0
23. f(x) = [x] + ,/{x} Curve of y = f(x) = Jx , 0<x<1
1+4x-1 , 1<x<2

Method: Il y = f(x) can be discontinuous only at x € I
so we check continuity only atx =n e |

f(n) = [n] +{n} =n+0=n
LHL (x =n) is I!_m [n—h]+ a/{n—h} =(n-1)+1=n
RHL (x = n) is Il_Lmo [n+h]+ a/{n+h} =(n+0) =n

f(x) is continous for x € R

24, f(x) = |x —% + |x=1| + tanx
1. . : 1
X -5 is non-differentiable at x = 2
[x=1] is non-differentiable at x = 1
tan x is non-differentiable at x = g
A=l 2 X O
o5 y=f (x)= (sin™x)° cosl/x =
0 x=0

f(x) can be discontinuous only at x =0 in [-1,1]
So we check onlyatx=0

(sin*(-h))? cos (—;j -0
-h

LHD (x = 0) = limh

h—0

o 1p N2
"m[smT(h)] : hcos(%} =-1. 0. [finite quantity between [-1, 1]] = 0

.1 2
RHD (x=0)is fimh &N CM)" cos(lj:o
h—0 h h

Hence f(x) is differentiable as well as continuous in [-1,1]

n
26. f(x) = Zak x| = a,+a, x| +a,xP+ayxP+........ +a x|
k=0

f(0) = a, we know that Iing | x]=0
limf(x) =a,

X—0

f(x) is continous for x =0

|| is differentiable if n =1, neN

f(x) is not differentiable at x = 0, due to presence of |X|

Ifall a,,, =0, f(x) does not contains |x| = f(x) is differentiable at x = 0
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Limits, Continuity & Derivability

27w f(xy+1)=flyx+1)
fO) f(y) = f(y) —x + 2 =f(y) f(x) - f(x) -y + 2
f) —f(y) =x-y
Putting y=0
fx)-1=x-0
fx)=x+1
28. Given f(x+y) =f(x) +f(y) +xy ... (1)
fth) _
—~ =3
h
f(x+h)—f(x) _.
=

lim
h—0

and lim
h—0

2
W:su —f(x) = 3x + X? +c

f'(x) = Lirrg
in equation (1) put x=0=y = f(0) =0
2

Therefor f(x) = 3x + X?

29.» f(x+a)= % + Jf(X)-f((x))*> or f2(x + a) + % — f(x + a) = f(x) — f3(x)

of )+ (x+a)+ % —f) +fx+a) 0]
Put X—>X+a
f2 (x + a) + f3(x + 2a) + % =f(x+a)+f(x+2a) .. (i)
from (i) — (ii)
2(x) — f2(x + 2a) = f(x) — f(x + 2a) or (f(x) — f(x + 2a)) (f(x) + f(x +2a) —1) =0
or f(x) = f(x + 2a) = period = 2a
PART-IV
(1to 3)
€ir9 f(x)

sinx+ae* +be™+c /n (1+Xx)

= /im 5 = /im
x —0" X x —>0"
x* x® x> x* x x> x* x x> x* x*
X——+—+...|+a| 1+ X+ —+—+—+........ +b |- X+—-—"—+——...|4C | X——+———+....
3! 5l 21 31 4 21 3 4 2 3 4
X3
(@+b)+x(1+a—b)+x? a,b o) ef- LB b C) +..4
. 21 21 2 31! 3 3 3
= /im 7
x —0° X
a+b=0 1 1
~ limitis finite = 1+a-b=0 :>a=—§,b=§andc=0
a+b-c=0
Also fim f)= —~+2 -2 C 1 _asp_ag=-1
x -0 31 3 313 3
1. a+b+c:—l+i+0:0
2 2
2. €imf(x):—l
X—0" 3

3 fim xf(x) = fim sinx +ae +b§ +c/n(1+x) _ a+2—c:
x—>0" x—>0" X
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Limits, Continuity & Derivability

4. A M= I xI

(B)  f(x) = xsint
X

1

©  10= o=

(D) f(x)= COS(MJ
X

5. (A) Lim f(x) = 1

x — 0

' —_ Y
(B) Lim f(x) = 5

X — 0

() Lim () = -1

LHL =0 =RHL

LHL =0=RHL

f (0) = not define

LHL=1
RHL=0

LHL (atx=0)=cos(-1)=cos 1

= LHL = RHL

RHL (atx=0)=cos 1

LHL = RHL
Lim f(x) =0
x — 07

Lim f(x) = =/2
X — 0"

Lim f(x) = 1
X — 0°

(D) Lim f()= Lim f(x) =0

fanttanx x <=
6. f(x) “
[X]+1 x>-—
E n
4
flE=x=2
4 4
Jump=1- —
7. a(t) = IimO (1 + a tan x)*
lim 1atanx lim ta —— fanx
g(t): exaox = exao
g(t) = eta = gta
909 = e
ra=2,9(x) = e2X
9(2) =
X e x<0
8. f(x) = '
) {x+ax2—x3 , x>0
Ilry f(x) = I|m Xx+ax?—x3=0
fim. 109 = Jim. xev=0
f(0) =
a e (0, )
2 3
9 F(0) = lim f(0+h) f(0) _ im h+ah” -h -1
h—0+ T hoo+ h
—ah
#(07) = f(o h) f(o) - lim he -1
— h h—0 h
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Limits, Continuity & Derivability

10.  (10to 12)

Given function f(x) can be rewritten as, f(x) =

0
1+(x-1)
1-(x-1

0

0
1+(x+1)
1-(x+1)

0

= flx—1) =

also, f(x+1)=

Now, g(X)=f(x—=1)+f(x+1)=

o x<-1
1+x , -1<x<0
1-x , O0<x<1
o x>1
x-1<-1
-1<x-1<0 or fx—1) =
O<x-1<1 2-X
Xx-1>1 0
X+1<-1 0
-1<x+1<0 or fx + 1) = 2+X
O0<x+1<1 —X
X+1>1 0
, X< =2
, 2<x<-1
, —1<x<0
, 0O<x<1
, 1<x<2
X>2

x<0
0<x<1
1<x<2
X>2
X< -2
—2<x<-1
-1<x<0
x>0

It is easy to check that g(x) is continuous for all x € R and non-differentiable at x =-2, -1, 0, 1, 2.

EXERCISE # 3
PART - |
x(n(1+b?) 1 Q.
lxa qu x =1+p?=2bsin2® = sin?g = E(b+5j
Wehmwb+%22:>§m921 butsince <1 = sin2@ =1 = 921%
2. f(x) = kx
Hence f(x) is continuous & differentiable at x € R & f'(x) = k (constant)
3w (A) atx= -~ u[-ﬁjzo ={-E]
2 2 2
Rf[—gj = = continuous
(B) atx=0 Rf'(0) =1
Lf(0)=0 = not differentiable
(©) atx=1 Rf'(1) =1
Lf(1) =1 = differentiable at x =1
(D) mx=—g>—g:3mo=—msx = wmmmmmemx=—g

o)
4 f(x) = x-b _1 _\b
' bx-1 b  (bx-1)

fi(x) =

@

(bx —1)?

Range of f(x) is (-1, b) so range # co-domain

so f is not invertible
f-* doesnot exist
No comparison with

b, f(x) <0V x(0,1)
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Limits, Continuity & Derivability

[x2+x+1

—ax—b] =4
X+1

i (x2(1—a)+x(1—a—b)+(1—b)] 4
X+1

Limit is finite. It exists whenl1—-a=0=a=1

1—a—b+ P
then fim| ———— X |=4
X—0 1
1+=
X

l1-a-b=4 = b=-4

6. (1 + @)™ — 1)x2 + ((@+1)¥2— 1)x + ((a+1)*°— 1) = 0
let a+tl=t
-+ (E-1)x+(t-1)=0
(t+2)x2+(t2+t+1)x+1=0

Asa—0,t—>1

2x2+3x+1=0:>x=—1andx=—%
7. (i) for derivability at x = 0
i h?.|cos —zj ‘—0
LH.D. = f'(0)= (im TO=M=10) _ i = ¢im —h. | cos® ‘:0
h—>0* —h h—0* —h h—0°* h
Y . h?.|cos ;:N—o
RHD  f'(0*) = /(im % = (im =0 = So f(x) is derivable at x =0
h—0* h—0*
(i) check for derivability at x = 2
(2+h). cos(nj ‘—0 (2+h)2.cos[nj
RHD = f (2= ¢im {2XW=1@) _ ;) 2:h = fim 2+h
h—0" h h—0" h h—0" h
. nh
(2+h2.sin(n— T j (2+h)2.sm( j
1 | ) 2 2+h) _ o 224h) m _, m o
ho>0* h h->0* T\ 2(2+h) " 2(2)
2(2+h)
f(2—h)—f(2 (2-hy COS[Znhj ‘_0
LHD = dim (2=N=f2)_ 4, —
h—0 —h h—0" —h
2—-hy’.| —cos| - " ||-0 —h)?cos| —*—
. ( ) [ COS(Z—hD . (2-h) cos(z_h)
= /im = {im
h—0* —h h—0* h
2—hy.sin| Z-_T_ 2—hy.sin| — ——
e S'n(z —h) b ( 22-h)) -n
=/im = /im . =—
h—0"* h h—0" 3 rh 2(2—h)
2(2-h)

So f(x) is not derivable at x = 2
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Limits, Continuity & Derivability

f(2n) =a, a,=b,+1
8* .= f(2n")=a, a,—-b, =1
f(2n")=b,+1] So B is correct
f2n+1=a, a,=b,,-1
f(2n+1)7) =4, a, —b,,, =-1 So D is correct

n

f(2n+1)*)=b,,-1] a,,-b,=-1

9*, Consider

h(x) = f(x) — g(x)Assume a<b

h(@ =1-g(a)>0

h(b) =f(b) -1 <0

else if a>b h(a) <0 and h(b) > 0.

By intermediate value theorem = h(c) =0 ... Q)

(A)  (f(c))? + 3f(c) = (g(c))* + 3g(c)
(f(c) —g(c)) (f(c) + g(c) +3) =0
So there exist a 'c': f(c) — g(c)
from (1).
Hence A is correct.

(D)  Similarly (f(c))* = (g(c))?
(f(c) —g(c)) (f(c) + g(c)) =0
= (D) is correct.

B & C are wrong as by counter eg

If f(x) = g(x) = A # 0, then

B — A2+ A = A2+ 3\ is not possible.

C —> A2+ 3L = A2+ A is not possible.

1-x
10. im —ax+§|n(x—1)+a =1
x+sin(x-1)-1

4

X—1

= lim

—ax+sin(x-1+a
x—1

x+4fX
X+sin(x-1) -1 } -

1
4
N7

1
x—1 4

—ax+sin(x-1Y+a =
(x=1+sin(x-1)

Hence lim {

putx=1+h,

{—athsinh}1+ JL+h

h+sinh

lim =
h—0

N

or :1 or —£:> a=0 or2
2 2

—ah + sinh . .
But ata =2, ————— tends to negative value. So correct Answer isa =0

h+ sinh

However a = 2 may be accepted if this is not considered
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Limits, Continuity & Derivability

X+1 x>0

11w fX)=|x+1=
—-Xx+1 x<0

gx)=x2=1

Number of Non-differential points 3.

x> x<0
12 LK) = () —LZX oo
X2 x<0
f (X
X sz -1 x>0
y ,(x)

f:(x)
f.(%)
AN /'\\1 X

f,(x) is many-one onto, continuous and non-derivable. f,(x) is many-one, into, continuous and derivable
f,(x) is one-one, into, differentiable. Hence R — 2

so (D)

p—>1,9g—>3R—>2,S->4

13*.w g(0) =0, g'0)=0 g@=0
gx) ; x>0
f(x)3—g(x) ' x<O h(x) = ek
0 ;0

R(h'(0)) =1& L(h'(0))=—1 So h(x) is non derivable. at x = 0

Now lim f(h(x))_f(h(o)): lim g(e|x|)_g(1)

x—0 X x—0 X

R(F(hG))) = lim g(eX)x_ 9@ _ iy 9D -9 € 150

x—0" e -1 X
L(f‘(h(x))) =—g (1) Hence f(h(x)) is non derivable at x = 0

Since x = 0 is repeated root of g(x) So f(h(x)) is differetiable at x = 0
hence (A), (D)
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Limits, Continuity & Derivability

14~

15.w

16.

f(x) = sin[zsin(ﬁsinxn
6 2
Let L sinx=6 0 e [—E,E}
2 22
f(x) = sin(gsinej
Let % sin 0= ¢ o e {—g,g}
= si _11
f(x) = sin ¢ € [ 2,2} (A)
Now fog(x) = sin (gsm[—sm( smeJ
. 11
Clearly, range of fog is also (—E,E) (B)

o )

Now, Iirrg - = Iin’(l) Snx
” ~sinx o 7Tsin(nsinxj ==
2 6 2 X
. (n . j T .
Sin Esmx ~sinx 1
= Iirrg—xﬁx x 2 . -1 (C)
x>0 6 B i X 3 2 6
2
Now, gof(x) =1
T . I g T .
= —sin| =sin| =sinx || = 1
=i e
= sin| Zsin| Zsinx :E;i>i (D)
6 2 A 314 2

lim
a-0 (cos(a”)-1)

m>2andn=>2= e(eCOS(a i ) % [COS(an) _1J£
am

@"?

_ [e®s@1_1y] . (cos@)-1
=exlim| ——= |xlim T |Ima
a—0 cos(a”) -1 a—0 a‘" a—0

Now IimO a>»™ must be equalto 1. i.e.,2n—-m =0
a—!

M_2

n
h(g(a(f(x)) = (x)
h(g(x)) = f(x) (by definition)
h(g(x) = fof
h(x) = f(fof(x))
gf)=Ff=1
nowx2+3x+2=2
wegetx=0
g(f(0)) ' (0) =

1 1

9 @)= o 3 h'(x) = F(f(x)) ' (x)

h'(1) = f/(6) (1) = 111 x 6 and h(0) = f(f(0)) = f(2) =8 + 6 + 2 = 16
and h (g(3)) =f(3) =27 +9+2 =38

. T . ™ . T . T .
Sin| —sIn| —sinX —SINn| —sInX
2 (6 (2 DX 6 (2 ]

1R
M-egx1x —=xlima®"
2 a—>0

—Mm

Resonance®
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Limits, Continuity & Derivability

17.

18.

3,3 5,5 3,2
, XZ(BX—B:; +B5): — J XS(B—B; Fonn, J
Lian,BX: Lim : : = Lim : =1
x=0 X —SiNX  x—0 X3 x° x—0 Dx x3 X
ox — X_§+§_ ........ (a=12) +§—a+ ........
20a-1=0=oa=1Lmt=6p=1
1 1 7
== =6(+B)=6|1+=|=6x - =7
bt sepes (i) o
-3 —££x<1
2
, , 2 1<x<+2
f = —3]= —3=
() =[x*=3] = [¥] 4 B<x<3
0 Bsx<2
|1 X=2
g(x) = x| f(x) + [4x=7] f(x)
(~x—4x-="7)(=3) —%£x<0
(Xx=(4x=7))(=3) 0<x<1
, (X=(@x=7))=2) 1<x<2
= (IX| + [4x = 7|) [ = 3] =
(Ix] + [4x = 71) [x ] (X = (4x = 7))(=1) 2 <x<\3
(x=(4x=7))0) B<x<7/4
(X+(4x-=7))0) 7/4<x<2
| (X+(4x=7))(1) X=2
i 1
15x + 21 _ESX<O
9x — 21 0<x<1
- | 6x=14 1<x<+2
3x-7 \E£x<\ﬁ
0 PB<x<2
| 5x—7 X=2
Now graph of given function is
/21
+ 2712
+3 °
it * 1 2 B 2
-1/2 1 xﬁ \/§ 2 7 f —o—0—
1 1 1 & —1/2 T - ./6
f(X) T T T A4 o— g(x) Gﬁ 14 3W2-7
14 . ° -14T /o
24 —o0 8T
—————o0 _12_/0
3 2119

Clearly F is not discontinuous at exactly 4 point in [-1/2, 2] and g is not differentiable at 4 points in
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Limits, Continuity & Derivability

19. at x =0, x = 0 is repeated root of g(x) = |x| sin|x3 + x| hence f(x) is differentiable
&atx=1 = acos|x®—x|=acos(x®-x)
as cos(—0) = cos(0)
f(x) is differentiable
20. f(x) = xcos(m (x + [X])
Check continuity at x = n
f(n) = ncos2nmt =n
f(n*) = ncos2nt =n
f(n") = ncos(2n-1)r=—n
It is discontinous at all integer points except O
21*. f(1%) = |lim Mcosl = |lim MCOS} = |lim ucos_
h—0 h h h—0 h h h—0 h
= Iim(—h—2)cos1 = limf(1") does not exist
h—0 h h—0
1 112 2
i) = lim =EEWEHN (o 1 im0 st = im M eosE = limhcos2 <0
h—0 h h h-o h h h—0 h h h—0 h
C 1 1 1
22. fa(x) = tan‘l[ - - J fa(x) =tan= (x + n) —tan}(X)= f'n (X) = -
]Z_l: T+(x+)x+j-1 1+(x+n)? 1+x°
fa(0) = tan(n) = tan? (tan-n) = n?
5 5
- 5.6.11
A tan?(f,(0)) = » j?="—"-=55
A D) = D P ==
=1 =1
1 1
(B) f'n(0) = -1 = 1+fa(0) =
1+n? 1+n?
sec? (fa(0)) = sec? (tan=t (n)) = 1+ n2.
Hence (1 + f'n (0)).sec?(fa(0)) = (%J 1+n)=1
1+n
10 10
S0 Y (1+f;(0))sec? ((0)) = » 1=10
i=1 i=1
. . A n
limf,(x) = limtan~| ——— |=0
X0 X0 1+ x(n+x)
lim tan (fa(x)) = 0 & lim sec?(f,(x)) =1
X—0 X—0
: , . sim}l—e’hz -0 . smx/l e 1-e™ [h
23. () f'1(0) = lm——— = 1i x 5 —
h—-0 h h—0 \/1_ oh h h
=1x1x % =1x1x % = limit does not exist.
= for option (P), (2) is correct.
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Limits, Continuity & Derivability

24,

n

. . . inx . inx X .

(i) Ilmfz(x):hmIS 1|: I|mIS |>< ><u = lim1x1x—
Xx—0 x->0tan *x x—0 |X| tan‘lx X x—0
= limit does not exist — for option Q, (1) is correct.

(iii) lim f3(x) = lim[sin(log, (X + 2))]
x—0 Xx—0

now at x tends to zero (x + 2) tends to 2

= loge (X + 2) tends to ¢n2

= l0ge (X + 2) — ¢n2

which is less than 1

0 < lim sin(loge (x + 2)) < sinl
x—0

- lim [sin(loge(x + 2))] = 0

fax) = {0 x € [-1, e™2 - 2)

= f3x) =0

VX e (-1, e"2 - 2)

= f"3(x) =0 Vx € (-1, e™2 - 2)

Hence for (R), (4) is correct.

(iv) lim fa(x) = lim (xz sinlj lim xz(sinij =0
x—0 x—0 X x—0 X

f'4 (0) = lim

h? sin(lj—o
)
X

lim hsin(lj =0
h—0 X

1"4(x)=—cos1 +xsin1, x#0
X

X

—cosl+hsin1—0

h

f4(0) =

h

= does not exist

hence for (S), (3) is correct.

| x

ba
@ 1im—=C ¢
0 Jih]
(B) ”msmhz—o does not exist
h—»0 h
. |h|-0 _
C lim—— =0
(©) -0 J[h]
(D) f(X) = x|x|
= lim f(h)-1(0) _ Iimhlhl_o does not exist
h—0 h2 h—>0 h2
®
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Limits, Continuity & Derivability

PART -1l
1w lim m:1
x>0 f(X)
f(x) f(x)

using sandwitch theorem = lim ff((Zx)) _
X—0 X

f(x) < f(2x) < f(3x) Divide by f(x) 1<

1

Hence correct option is (4)

) | sin (x-2) |
2 im ﬁv

does not exist

3. €imM

=0; Gm[(f(x)2—9]=0: fim f(x) =3
X—5 \/m x—5 X—5

4 f(0)=q¢

f(0) = ¢im A+x)™ -1
X

x—0"

= €|m2— :l
2

x—0" X

H0) = fim sin  (p +1)x +sinx
x—0" X
0)= fim (cos(p+1)x)(5+1)+(cosx) —(p+1)+1 =p+2
Xx—0"

0o 2
2

N |-

1
+2=0q== = , Q=
p q 5 q

atx=0

-~ f(x):{xsin(llx) , x=z0

0 , x=0

LHL = lim {—hsin (—%j} = 0 x a finite quantity between — 1 and

h—0

RHL = Iirq h sin %z 0

h—0
f(0)=0
. f(x) is continuous on R.
f,(x) is not continuous at x = 0

6. iim x*f(a)—a*f(x) _

Alter ¢im
X—a X_a

= /im

fim

X—a X —_ a X—a

x*f(a)—a*f(x) _

(x* —a”)f(a) —a*(f(x) - f(a))

—ZXf(a)lazf'(X) = 2af(a) — a*f (a)

2 2 2 2
sim X f(a)—a“f(a)+a“f(a)—a“f(x)
X—a X_a

f(x)—f(a)

X—a X—a

:éing (x + a) f(a) — a? { } = 2af(a) — a*f' (a)

(x—a)

7. Doubtful pointsare x=n, n € |

L.H.L = lim

X—n~

[X] cos (

R.H.L. = lim [X] cos (Zn—

x—n*

fln)=0
Hence continuous

2X —

1 n=(n-1) COS(Zn_1jn =0
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Limits, Continuity & Derivability
8. f(x) =3 2<x<5
f(x)=0 2<x<5
f(4)=0
2 5
_ Hvs
9 | = Jim (1 00232x) (3+cosx). X _ sim 25|r21 x.3+cosx. X _ 4 1
x>0 X 1 tandx x>0 X 1 tan4x 4
; 2 ; 2 ; a2 in2
10. Lim sm(rcc;)s X) (gformj - Lim sin(rcos® x) _ Sln(n.SI;’] x) nswl X _
X0 X 0 x=0 X 7sin© X X
1—cos2x)(3 +cosx in?
11, Iim( )( ) — iim 2sin” x (3+_cosx) cos4x _5
x—0 xtan4x x>0 x? sin4x 4
4x
12. 9(x) = ka\/x+1 0<x<3
mx+2 3<Xx<5
J — x+1-4
L(g'(3) = lim kx+1-2k Lok ( ) L
X—3~ x—3 X+3~ (X—3)(*¢X+1 +2) 4
R(@(3) = lim mx + 2 — 2k
x—3" x—3
Since this limit exists 3m +2 —-2k=0 = 2k=3m + 2 (i)
So R(g'(3)) = m by L-Hospital rule
Since g(x) is differentiable k = 4m ...(iD)
Solving (i) & (ii)
mzz,kz§ = k+m=2 ..(ii)
5 5
2
1 lim (1+t::1n2 \/;—1)i |im+£mT\/;2) 1
13. P=lim (1+tan2 \/;)5 thenlogp =P = e~ 2 = @0 20X = g2
x—0*
1
5 1
logP =loge? = =
g g 5
14. f(x) = |(n2—sinX|

f(f(x)) = |¢(n2—sin| fn2—sin
In the vicinity of x = 0
g(x) = /n2 —sin(¢n2— sinx)

x|

2

Hence g(x) is differentiable at x = 0 as it is sum and composite of differentiable function

g'(x) = cos(/n2 — sinx). cosx
g'(0) = cos(/n2)
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Limits, Continuity & Derivability

0

15. X Tt
2
i —tant +sint
t—0 (2»[)3
. —sint(l-cost) 1
im ———— —— 7 —
-0 —8t3cost 16
16. lim qu}+[g}+ ...... J{ED
x—0" X X X
lim (X|:E:|+X|:Ej|+ ...... +X[ED =1+2+3+......... +15=E(15+1):120
x—>0" X X X 2
17. f (x) =[x — n|. (e™M-1) sin |x| According to given options we have to check only at x =0 and =
at x=0,f0)=0
—h)— h _ A _ h 0
LHD = fim [O0=h)-f0)_ .~ (z+h).(e"~Dsinh _ .~ (©—h)(e"—T)sinh
h—0" — h—0*" —h h—0*" h
= diff. atx=0
Now atx =m
f(r) =0
— _ n—h _ :
LHD = lim f(n—h)—f(m) _ im k.(e 1).sinh _ 0
h—0" — h—0"
n+h :
RHD = lim f(TC-i-h)—f(TC) = lim —h(e 1)S|nh -0
h—0 h h—0 h
differential at x = « also, hence answer is (3)
18. Using rationalization
«/1+ J1+y* =42 4/1+ «f1+ y -
lim J 2N 7
s y «/1+ J1+yt +42
i Ji+y* - 1 \}1+ vyt +1 o 1 1
= I 7 X X = I X
. y \/1+\/1+y4 w2 \/1+y4 +1 \/1+ f1+y4 2 \/1+y4 +1
: . 4 1 1 1
by putting value of limit = —x=-=—+
Yy putting NN
1 4y®
. , 2\/1+ \/1+ y* 2\/1+ y* 1
using L.H rule lim - =
y=0 4y 42
(1- |+ sinf1- x|)sin[[1_ x];‘]
19. Lim

x—-1"

ey

(1-x+sin(x —1))sin(—72tj

—(x=1)+sin(x-1)

= Lim = Lim =—1+1=0
x—1" (X — 1) (—1) x—1" (X - 1)
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Limits, Continuity & Derivability

20. y =f(X) ".’2 }
1 2
-1
S
y = [f(x)] 1
-2 gt 2
3-_
2 T
y = f(x) \/
-1
. /
y =9(x) :
-1 1 2

one non differential pointat x =1

xe[-,0) = (-x-1)
xel[0,) = X
xe[L2) = 2X
xel[2,3) = x+2

21. Interval f(x) =

atx=0,1
f(x) is discontinuous
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Limits, Continuity & Derivability

22.

23.

24,

25,

26.

n

lim

(x+25inx)(x/x2 +2sinx+1++/sin? x — x+1)

(1+(2$mxj](\/x2 +2sinX +1++/sin® x — X +1)
X

= lim

x—0 X2 +2sinx +1—sin® x + x — 1 X0 X+2$inx_sin2x+1
N X

_ @+2)a+1 P

3
g(x) = [f(x)|
gcy = tim OO oy 200 g

x—c*t X—C x—>ct X—C

f —f

g‘(c—): lim |(X)|—(C) = |lim & :if'(c)

X—C”~ X—C x—»>c~ X—C

for g (x) to be differentiable at x = c.

f'(c) must be 0. Else it is non-differentiable.

-+ f(x) is non differentiable atx = 1, 3, 5

T 1(f(x)) = f(f(L) + f(F@R)) + F (f(5)) =1+ 1+ 1 =3

LHL=a+3

f(0) = b

a=-2
b=1
a+2b=0

=4-0=A

check when
(A)x=VvA+1l = x= J5 = discontinuous

C)x= JA = x =2 = continuous

(B) x = vA+21= x =5 = continuous

(D) x = YA+5 = x =3 = continuous
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Limits, Continuity & Derivability

HIGH LEVEL PROBLEMS (HLP)

1 Let L. = fin;n 1-cos(a,;x) . cos (azx).2 cos (a3X)....... cos(a,,;X)
X—> X
L= firrg 1-cos (a,,x) + cos (a,,x) — cos2 (a;x) . cos (ax) ..... cos (a,,,X)
X—> X
o L= fing 1-cos(a,,,x) + cos (a,,,X) {1:cos(a1x).cos(a2x) ..... cos (a,x)}
X—>! X
2
- a
= L, =/(im 1L§amx) + flimcos(a,X).L, = L= (80.:) +L
x—0 X x—0 2
2 2 2 2
Ll = a_l , |_2 = a_2 + Ll = & + a_l
2 2 2 2
2 2 2 2 n
|_3:a_3+|_2:a_3+a_2+a_17|_:l aiz
2 2 2 2 " 24
_ _1(x _ 10 _ X 10 10 10
2. f,() =1,(f, ) = §(§+10)+10f2(x) = ?+?+10 f (X) _?+10+?+?+ ..... o1
pimt o) =¢im [ 24104204 to] =0+22 _20
n—ow N n—w \ 2" 1_1
2
n+l
3. fim xnf(x) = = /im X100 2 p
X—0 X—®0 X
n n+ley
using L- Hospital rule, we get /im - 8 f(x)l R~ f(x):p = fim x™ f'(x) = -np.
4. Let x,=\1+1= N X =v2+1= NEE X, = J4; xs_f ________ Xy =NN
’ C o mEy memes m(E *{ ] i
€im( nﬂj = (i ( n—-i_l] =e ) J = = S e = e? z\/g
n—ow Xn n—oo n
5 Now, 21 < 21 < 21 2k < 2k 2k
n“+n n°+k n°+1 n°+n n“+k n°+1
5k L < ook 1 n+1 . n(n+1
= 2 $ 2 = 2 = ( 2 ) Z ( )
~n?in “ZnP+k Sn’+1 n?+n < +k (n +1)
n(n+ o n(n+1
= fim(zl : )<£|mzzk < fim ( )
ns>» \ N 4+n 2 nso =0 +k n—w 2(n2 +1)
= /im €|m2—k— —(By Sandwich theorem)
n—o N—o +
2 4 Hy2
6. fim x3{ X2+ 1+ x* - xﬁ} = gim x| X HNIHX —2X
o 2 et ex2
3 4 A4 3
- 4im X (I+x"=x") _ sim X

3

T (e ] (o o) (e ) (Ve )

. X 1 1 1
= (im = Z—
£ - 202 2 a2
3
XN 41+ —7+1 + 2 1+ —+1
X X
/\ Qesonance® Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Educating for better tomorrow Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in ADVLCD- 58

Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Limits, Continuity & Derivability

log. (log, x 2log. (log, x
7 Let L= dm 2%(09.X) . 2100.(09.%) log X X 5,0, 0x020
X—>00 e“ﬁ X—>© |Oge X \ﬁ e\ﬁ
. . lo . .
Since €|mM =0and €|miX =0 (using L.H. Rule)
X—00 X X—0 e
o sim 109, (sin (4m+1)x)
7 log, (sin(4n+1)x)
1
. ————————.cos(dm+1)x.(4dm+1
_ (m sin (4m+1)x ( ) ) _ gim tan (4n+1)x. (4m+1)
7 T xok '
—————.cos(4n+1)x.(4n +1) 2 tan(4m+1)x  4n+1
sin (4n+1)x
T T T
Put x—E -y = X :E +y (4m+1)x = (4m+1) > +(4m+1)y
= tan (4m+1)x = — cot(4m+1)y
similarly tan (4n+1)x = — cot(4n+1)y
cot (4n+1 dm+1 tan (4m+1 dm+1
- Given limit= gim S _(4n+0y (4m+D _ (4m+1)y (4m+1)
y>0 cot (4m+1)y (4n+1) y>0 tan (4n+1)y (4n+1)
- im tan (4m+1)y 1 (4m+1)2 _ (4m +1)2
>0 (4m+1) y tan(4n+1)y (4n+1)°  (4n+2)°
(4n+1) y
9. Letd = Zir
sin®
f(x) =tan@ .sec26 = ——
€0s0.cos 20
f(x) = tan20 — tan® ; f(x) = le(tan% —tan %)
X X
f(x) = tanx— tan — so f(x) + tan — = tanx
2n 2"
log, tanx — (tanx)" [sin (tan Xﬂ
. 2 T
/im X # —
n—e 1+ (tanx)" 4
g(x) =
k x=2
4
0 I X < r
4 2
g(x) = qlog, tanx O<x<%
k x="1
4
It is continuous when k =0
e e 1+ tnx)" L+ ). (1+ nx) «
. X Nk +nx + nx +¢nx).(1+ fnx) x
10. tim £ — = (im — = (im %: m ( ) — )
e x—e” xofel) X—e xoel)  X—e xo(e”) X—e
1-x .
= /{im M.(l+ nx)x =e.l. (0)e? ( fim fnx :1) =0
xo(e) eX -1 x-1
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Limits, Continuity & Derivability

3 _ 3 _ 3 _ 3 _
1. p=2-1 3-14-1 . n-1
22+ 1 3+ 14+ 1 n°+ 1
_(2-D(2°+2+D) (3-1(3*+3+)) (n=(n* +n+1)
" 2+D(2%-2+1)  @B+)@E*-3+1) (n+D(n* —n+1)
~p _17 213 321 (n=1(n* +n+1) ~p _123....... (n-1) 7.13.21........... (n* +n+1)
" 33 47 513 7 (n+1)(n*> -n+1) " 3.45.... (n+1)  3.7.13.......... (N> —n+1)
2 2
P = 1.2 . n“+n+1 Pnzz (n“+n+1
n(n+1) 3 3 nn+l
2
fim P =gm 20°*n+h_2
n—e n>e 3 n (n+1) 3
1 X
L+ x)% x e(1—;+;ix2— ...... j < 11 1
12. () fim | ——— | =/{im =4m [1- =+ =X —......
X =0 e x — 0 e x =0 2 24
) 1 , 1
_ exﬂino(—§+24 ........ ); _ e_%

(ii) fim {sinz (2 _ﬂaxﬂ = (1~ form)

td 2 cos 2 28
. -sn (ZEaxj an (2-bx) Y (Zfax] an i - 2—axj (2-ax)?
fim £ /im il im o
. . X0 sin[ 2n ] br (2—ax)? x>0 sm( 2n ) br 20 cos (ZE:}XJ s ] _%
Applying L.Hospital rule =e o =e =z @) =g b
il
13, f(x)= fim o X
n->= SNt X+1
case (i) if sinx € (0, 1)
/im (sin"x) >0
f(x) =0 and sinx € (0, 1) = X € (2nm, 2n7 + )
case (ii) if sinx =0 = Xekrn,kez
fx)=0
case (iii) ifsinx=1 - X€2|(Tc+g kez
X
fx) = =
() >
case (iv) if sin x (-1, 0)
‘fim (sin"x) > 0, x € (2kn + n, 2kn + 21); kez f(x) =0
case (v) if sinx =-1
(sin"x)=-1

then f(x) will not take any definite value so if sinx = -1

X = [2nn— gj these values not lie in the domain

For Domain ;x e R — {Znn—g; n ez}

For Range ; f(x) = 0,for x € (2kn + =, 2kn + 2n) U {kn} U (2kn, 2kn + 1) ; kez
f(x) = %,forXE2kn+ g .k e z Range = {0} U {nn+% ©ne z}
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Limits, Continuity & Derivability

M M 1 -~ [a+a” 1 C(af-1 a -1 (b -1 (b -1) 1
. a +a, x = im[bf‘mzx 71]; = if&{T*T’ X  x Mb;mzx]
14. ém [—blx " bsz e
egaoge 2 +106: @ ~10go by ~10Gob;) _ e%'Oge[%] _ |aa,
b, b,
_ p_ q p-1 _ q-1
15, fim P29 -pxt (9 formj = fim — PO opax (9 form
ol 1-xP —xT+xP" 0 x>l —pxP™ —gx* + (p+g)xP 0
- im pa(P—Dx** —pa(q-1x** _P-g
ol —p(p-Dx"? —q(a-Dx? +(p+Q)(p+g-Dx** 2
n sin® Er
16.  f(no)=[]|1- 29
r-1 cos? =
0
n | COS P cos e.cosgcoszi.2 .......... cos%
tn0) =[] 5 |i f(n, 6) = .
r=1| COS— ( 0 6 6 )
T COS.COS _5.COS > ....... COS
2 2 2 2 2
sin2" 2?_1
2”.sin% (sin 29)(22n sin? zenj
f(n, 0) = = - f(n, 0) = A
sin 2”'2% (sin2 9)(2n sin 2n—1]
2" sinﬁn
2
.2 0
. 22" sin? — . )
f(n,0)= fim SN20 2" | sin20 - 07 0 _ ) = dim go)=1
% Sin*0 | on i sin0 20 tan® 0-0
4 21’]—1
2
17.  Let f(x) = '/m f(m) = 2
2 +C0oSX
lim —= 4’ mLc o P R )
x> X —g| 2+ COSX xom X—T
Now  f(x)= 4 (2 + cos x)(—2cos x sinx) — cos® x(—sinx) #(n) = 0
) f 4c0s? X (2+cosx)®
2 +C0oSX
1)1 1(1
1l 3 13 (j(—lj (—1j
1 art
18. €imxa+3 (1+1] +(1—£j -21; €|mx+3 1+ ! + 3 32 1,33 -2
X—00 X X X—>% X 21 x 3X 21 x?
€imxa+§ _?2 iz} Limit existwhena+ = =2 a= g A= —é
X—00 L X
a+iA= 5 — E :E
3 9 9
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Limits, Continuity & Derivability

(1+sinx)" +logx

19. f(x) = lim -
now 24 (1+sinx)"
0] forO<sinx <1,
logx
f(x) = lim _ (@+sinx)” _,
(1+sinx)"
(ii) for sin x =0,
1+logx
f(x) =
(x) 3
(iii) for—1 <sinx <0,
logx
fx) = ——
() >
09X _j<sinx<0
2
f(x) = 1*'% . sinx=0
1 , O<sinx<1
f(x) is discontinuous at integral multiples of
_aX X _ X X X
20, im 1-a +>: . atna _ im a énaz+ (na(@” +xa* ¢na) _
X >0 x2a* X 0" x’a*fna+2x. a*
. (2a)=xfn 2a-1 _ . (2a)‘/n2a —¢n2a _ .
lim > = lim = lim
x - 0 X x— 0* 2X x — 0
for g(x) to be continuous (¢na)? = (/n2a)?
1
= (/na+ /n2a) =0 = a= —
’ N7
90) = = (tn2y
8
. 1 T
21. Let6=sintx - as xX—>— 0=
2 4

X 2
im a*(¢na)

x>0 (xa*/na+2a*)
(2a)*(¢n2a)* _ ((n2a)?

2 2

_ T
cos™| cos| = —260
¢fim cos™(2sinBcosO) _ ¢im cos(sin20) _ ¢im [ (2 D

" sine—i " sin—— - sine—i
V2 V2 V2
~ cos™ (cos[rt - 29)] T 9
.. fim 2 o 2 0 _
Left hand limit=" "'~ 1 = (im —— |5 form| = (im
4 sin@— = 0> sin@-——= 0% €OSH
2

N7

_ (tna)’
-2

cos™ (cos[g - 26)] cos (cos (29 — TZED 20_T
Right hand limit = ¢im - = (im 2 = (im %
07 sing—— 07 sing - — 057 Sin0— =
4 \E 4 \E 4 \E
= (im ie =22 = LHL = RHL
6—)%
Limit does not exist
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Limits, Continuity & Derivability

cos™(1-{h}*)sin"(1-{h}) _ lim cos™'(1—-h?) lim sin*(1-h)

22. = RHL = limf(0+h)= . . _
h >0° {hr—{n} h —0° h hoo  1—h
(putting 1-h? = cos26)
. _ cos™(1-2sin?0) T . 20 n
= (sin™1) lim = lim = —=
S Zsino 25 0 Sne 2

LHL=1lm  f0-h)= lm
h —»0" h 0"

cos™'(1—{-h}*)sin"'(1—{-h}) _ lim cos'(h(2-h))sin™h
{~h}—{~hp h -0 (1-h)(2-h)h

cos™(h(2-h)) im sinth _ cos™0 _

nsot (1—h) (2—h) n>0  h 2 4

since R.H.L. # L.H.L, therefore no value of f(0) can make f continuous atx =0

23. As fis continuous on R, so f(0) = Iim(i)t f(x)
Thus f(0) = limit f (i) = limit | (sine") e™ + =0+1=1
n—w an n—w 1 1
t 3
n
24. f(0)=0
f(0*) = lim L + 1 + h . o0
>0 h+1 (h+1)(2h+2) (2h+D(3h+1)
. 1 1 1 1 1
= lim4q1- + - + — Foareeeeaenn 00
h—0 h+1 (h+1) 2h+1 2h+1 3h+1

f(x) is not continous at x = 0

since f(0) = f(0*)

25. Let F(x) = f(x) — x
F(@a)=fa)—a=b-a
F(b)=f(b)—b=a-b

F(x) is continous and F (a) & F (b) are of opposite signs.

F(x) = 0 has atleast one root in (a, b)

fx)—x=0

= f (X) = x for atleast one ¢ € (a, b)

26. f(x.y) = f(x). f(y)
Putx=y=1 f(1)=1)

Now let x = 0

f(1) =1 sincef(1)=0

then limf(x+h) = lImf(x@+h/x)= Imfe) f (1+h/x)

= f(x).f(1) = f(X)

also LILI(W) f (x-h) = LILTCI) f (X)f(1-h/x) =f(x).f(1) = f(x)

= f(x) is continous for all x exceptat x =0

Educating for better tomorrow
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Limits, Continuity & Derivability

27.

28.

n

LZX) X>1
g(x) =
h(x)+1x<1
6
) sint . 2%
g(1) = ¢im ———

x>1log,secn . 2°

i sinff(2n-n . 29)
x>1 log,sec(n—n . 2¥)

Now g(x) is continuous atx = 1

g(1") =9g(1) =9(2)

h@)+1 _

@ = 2
2 6
f(1)=4 h(1) =11
g(1)=2
4g(1) + 2f(1) - h(1)=8+8-11=5
2
(x) = x2+2x , Xx<0
X“=2x , x>0
by definition of g(x)
X2+2x , —2<x<-1
—1 , —1<x<0
X) =
909 0 , 0<x<2
x2—2x , 2<x<3
T T 2
:‘ ........
©.-1)
2x+2 , -2<x<-1
() = 0 , —1<x<0
IIZ1 0, 0<x<2
2x—2 , 2<x<3

clearly g(x) is discontinuous at x = 0 and not differentiable at x = 0, 2

Resonance®
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Limits, Continuity & Derivability

—1+(x+1? , —-1<x<0

2
29, (x) = X ) , 0<x<1
T+(x=1)° , 1<x<2

2+(x—2P , 2<x<3

graph of f(x) is as shown is figure

.. f(x) is continuous for all x but

non-differentiable for integral points.

, x < -1
1-x
X , —1<x<0
30. - fy)= J1tX
X 0<x<1
1—-x
X , Xx=>1
1+x
. . X . . X
lim f(x)= lim —=0 and Im f(x)= lim —=0
x—0" x-0" 1—X X—0" x-0" 1+ X

and f(0)=0 .. f(x)is continuous atx =0
lim f6) = im —— = X and lm )= lm —— S
x—1* x-1" 14+ X 2 x— 1T x>1 1

.. f(x) is discontinuous for x = 1

Similarly we can check that f(x) is discontinuous at x = — 1

—h
LHD.at(x=0)is= lim 0=M=f0)_ i 1eh ~ _4
h—o0" —h h>0"  —h
h
R.H.D. at (x = 0)is = lim fO0+h)-1(0) _ im 1=h -1
h — 0" h h — 0" h

= L.H.D. = R.H.D.

. atx =0, f(x) is derivable.

Educating for better tomorrow
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Limits, Continuity & Derivability

31. ( lim cos®"(m! nx)) is 1 or 0 according to x is a rational number or an irrational number. As m!nx will
m — o

become integral multiple of = when x is rational, then cos (m!nx) = + 1. And when m!zx is not an integral

multiple of = i.e. when x is irrational then —1 < cos (m!nx) < 1

0o,
- 109 = {—1 );Zg

. f(x) is discontinuous and non-differentiable at every real number.

32. f(1)=0
. . 2 . 2
RH.L. =lim f(1+h)= lim cos®|sgnl——— || = lim cos* |sgn =0
h—0" h—>0" 3+3h-1 h—0" 2+3h

D = cos (0) :g

LH.L = lim f(—h)= lim cos* [sgn(
h—0" h—0*" 3—3h

f-1)=0

f(x) is discontinuous hence non-derivable at x = 1

f(—1+h)— f(~1)
h

f=1-h)-f(=D) _
- =

f'(=1%) = hILT =0andf'(-1) = hIl_)ry 0

= f(-1) =f(-1) =0
f(x) is derivable at x = -1

33. y = f(x) = xsin 1/x. sin ; when x =0, i , r=1,2,3
xsinl/x I

y=0,x=0, E wherer=1,2, 3,..cccccceee....
rn

Lett=xsinl/xas x —> 0*,t >0 andasx—>i,t—> 0
I

y = tsinl/t

limy =limtsint=0 =f(0) also limy=Ilimtsint=0 =f [ij
x—0 t—>0 1 t—0 It

X—>
m

f(x) is continous at x =0 and 1 = f(x) is continous V xe[0, 1]
rn
We know that t = xsinl/x is not differentiable at x = 0

is not differentiable at x = 0

f(x)f(1+ :j—f(x) :(1+ g[ZD
h

therefore y = tsinl/t = xsinl/x. sin

xsin=
X

=limit
h—0 h

34. f'(x) = |Ihn_)'] (I)t

fth+x) ~(x) = f(x) limit
h h—0

X)) (. h o () f(x) , _ _x?
== (ILrDét{1+g(;D] =f(x) = ~ so J‘m dx = dex —?+c

35. Given that
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Limits, Continuity & Derivability

f(xy) = ev>y (e¥f(x) + exf(y)) V x,y e R*
puttingx =y =1, we get
f(1) = e (ef(1) + ef(1)) = f(1)=0

x(hgj—x—(h;]{ehgf(x) + exf(hgj}—f(x)

now - #(x) =timit JEEM=IO) e ©
h—0 h h—0 h
h h—1—b+x h
f(x)(e"=N+e * (f(1+—)—1f(1)) et ()
= limit X =f(x) + —————=
h—0 h X
L s+ & o Lo ST L 1(@)
X X e X dx \ e*

Integrating both sides w.r.t. X', we get
Mmix|+c= @ or f(x) = ex (¢n|x| + c)

e

sincef(1)=0 = ¢c=0
2 f(x) = e¥n|x|

36. Given f(x + y3) = f(x) + [f(y)]®* and f'(0) >0
putting x =y = 0, we get f(0) = f(0) + (f(0))* = f(0)=0
f(0O+ h; —f(0) _ limit f(h)

also f'(0) = limit
h—0 h-0 |

3
f0+ (2 —f0) _ . (f("))
1/313 = lim T Rl3y\3
(h™) 0 (h™7)
orL=L*orL=0,1,-1 asf(0)>0 =f(0)=0,1

fxm)=f0) _ o f(x+(h"°)*) = f(x)
h—s0 (h1/3)3

Let L = f/(0) = limit
h—0

Thus f'(x) = I|hr2(;t

f(x) +(F(h"*))* —f(x)
(hl/3)3
Integrating both sides, we get f(x) =0 orf(x) =x +c
As f(0) =0 , we have f(x) = 0 or f(x) = x
Now f(x) = 0 is imposible as f(x) is not identically zero
f(x) =x and f(10) = 10

= f'(x)=0,1

f'(x) = Ilhnj gt

=g(X) e [0

37. f(x)+f( 1 j: A2y

1-x X(1-x)

Replace x by % in equation (i)
—X

_ 1 .
=g (Ej ....... (i)

Replace x by 1=x in equation (i)
—X

f [ﬂj i) = g (1_—"} ....... (i)
—X —X

(i) — (i) + (iii)
Zf(X)zg(X)_g(l_lxj +9(1__ij S20-29_ 2d-x), 2X2-x) 22X+
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Limits, Continuity & Derivability

38.

39.

40.

41.

42.

n

Letx=y=1

f(x) + f(y) + f(xy) = 2 + f(x) . f(y)

3f (1) =2 + (f(1))? = (1) = 1, 2. But given that
f(1)#1 so f(1)=2

Now puty = —

X
f(x) + f (5] +1(1) = 2 +f(x) . f( j:>f(x)+f (1j = f(x) . f (lj
X X X

sof(x)=£x" +1
Now f4)=17=+2@4)+1=17=n=2
f(x) = +(x)2 + 1.

f(5)=52+1=26

| (25 — f(2)] = | f(29) — f(2<2) + f(2) — f(2)........ f(2) — f(2)|

< [ £(29) = F(2<Y)| + | F(252) = F(2<D)]| + oo | f(21) — £(2)|

Consider | (2«1 + 263 — f(2+1)| <1

So [f(29) —f(2)] <1+1+.... (k—i)term <

Y1249 -(2)|< Zk:(k—i) < K (; L) Hence proved.

Hindi. | f(29) = f2)] = | f(2) = f(2) + f(2) — f(2<2)......... f(21) — f(2)|
< [ £(29) = F(2<Y)| + | F(252) = F(2<D)| + oo | f2+) — £(2)|

| f(2r+ 26| — f(2ey)| <1
|29 —f(2)] S1+1+ (k=)

SI@)-1@)1s Y-y < ED

Notice that f(f(x)) — f(x) = x and if f(x) = f(y) then clearly x = y. This means that the function is injective.
Since (f(0)) = f(0) + 0 = f(0), because of injectivity we must have f(0) = 0, implying f(f(0)) = O. If there
were another x such that f(f(x)) = 0 = f(f(0)), injectivity would imply f(x) = f(0) and x = 0.

Letxy=uand xly =v = 2f (M) = f(u) + f(v)

: g W
differentiating w.r.t. u, we get 2f’ \/W — =f'(u
g get 2¢ (Vv ) 7 =
putu =1 and replace vwitht? = 2f'(t). % =f'(1) = f'(t) = %
= ft)=logt+c
asf'(1)=1 = c=0 = f(t) = log t
(@ Put x =y =1 in given relation, we get  f(f(1)) = f(1)
. _ _ L : f(D
(i) Now put x = 1, y =f(1) in given relation, we get f(f(1)) = m =1
from (i) and (ii)
ff(1) =1
f(1) =
)

Putx =1, f(f(y)) = = f(f(y)) = now substitute y = f(x)

1 1) _ 1
0N = o5 = (;j " %0
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Limits, Continuity & Derivability

43.

44.

45.

n

(i)

(if)

f(x + p) = {1 + (1 — f(X))s}ue

= f(x +p) +f(x) =2

replacing x by (x + p) in equation (i)

f(x + 2p) + f(x + p) = 2

from (i) and (ii)

fx) =f(x +2p) =  period = 2p
f(x — 1) + f(x + 3) = f(x + 1) + f(x + 5)
Replace x by x + 2

f(x + 1) + f(x + 5) = f(x + 3) + f(x + 7)
(i) — (ii)

f(x — 1) = f(x + 7)

— f (x + 8) = f(x)

period = 8

Number of ways of discontinuity at a point x = ¢ are 3.

Educating for better tomorrow

Q) LHL at x = c is equal to f(c) but not equal to RHL at x = ¢
(i) LHL at x = c is not equal to f(c) but equal to RHL at x = ¢
(iii) LHL at x= c is neither equal to f(c) nor equal to RHL at x = ¢ (where f(c)) is equal to RHL at x=c
, X€ (_Ooa B)
: X=p
M nw= e XSG
, Xe (- a]
o ()
i) he= T )
®
Resonance
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